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Abstract. In earlier papers [HI (55] of this series we constructed a sequence of interme- 
diate moduli spaces {Af'"(c)}m=o,i,2,... connecting a moduli space M(c) of stable torsion 
free sheaves on a nonsingular complex projective surface X and Af (c) on its one point 
blow-up X. They are moduli spaces of perverse coherent sheaves on X. In this pa- 
per we study how Donaldson-type invariants (integrals of cohomology classes given by 
universal sheaves) change from M™(c) to M™+^(c), and then from Af(c) to M(c). As 
an application we prove that Nekrasov-type partition functions satisfy certain equations 
which determine invariants recursively in second Chern classes. They are generalization 
of the blow-up equation for the original Nekrasov deformed partition function for the 
pure N = 2 SUSY gauge theory, found and used to derive the Seiberg-Witten curves in 

nHi. 



Introduction 

Let X be a nonsingular complex projective surface and p: X X the blow-up at a 
point 0. Let C = p~^{0) be the exceptional divisor. Let c = (r, Ci,ch2) G H'^^{X) be 
a cohomological data. Let M(c) be the moduli space of stable torsion free sheaves E 
on X with ch(ii^) = c and M{p^{c)) the corresponding moduli space on X. In [211 122] 
we constructed a sequence of intermediate moduli spaces M'^(c) connected by birational 
morphisms as 



(*) 



M™''"+i(c) 




such that 

(1) M'^(c) = M(c) if m is sufficiently large, and 

(2) M°(c) = M(j9*(c)) if (ci, [C]) = under the natural homomorphism given by 
E i-T- p^{E). (See Proposition 11.21 for the statement when < (ci, [C]) < r.) 

The diagram ([*]) is an example of those often appearing in variations of GIT quotients 
[27], and similar to ones for moduli spaces of sheaves (by Thaddeus, EUingsrud-Gottsche, 
Friedman-Qin and others) when we move polarizations. See [211 122] for more references 
on earlier works. 
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In this paper, we study how Donaldson type invariants (certain integrals of cohomology 
classes given by universal sheaves) change from M™'(c) to M™"'"^(c). By a technical reason 
we restrict ourselves to the case when X is and M™'(c) is replaced by the moduli space 
of framed sheaves for which quiver description was given in [21j. We conjecture that 
the results are universal, i.e., independent of the choice of a surface. Moreover we have 
a natural (r + l)-dimensional torus T = (C*)^ x T^-^ action on M^{c) from the (C*)^- 
action on and the change of framing. Thus we can consider equivariant Donaldson type 
invariants to which we can apply Atiyah-Bott-Lefschetz fixed point formula to perform a 
further computation. In this sense, we think our situation is most basic. 

Our first main result says that the difference of invariants is given by a variant of 
Mochizuki's weak wall-crossing formula [14], i.e., it is expressed as a sum of an integral 
over M™'(c') with smaller d (Theorem II. 5p . Our argument closely follows Mochizuki's, 
once Q is understood as a variation of GIT quotients. 

Summing up the weak wall-crossing formula from to m, we get the formula for the 
difference of M(c) and M{p^,{c)) by integrals over various M"* (c'), as a result. We nor- 
malize the first Chern class of d in the interval [0, r — 1] twisting by a line bundle in order 
to apply M(p,(c')) = M°(c') for (ci(c'), [C]) = and its modification Proposition O 
Then those integrals themselves can be expressed by integrals over M(p^,(c')) and ones 
over even smaller M'""(c"). We apply the same argument for M™"(c"). We thus do this 
argument recursively to give an algorithm to express M(c) by a linear combination of 
integrals over M(cb) for various ct,. Since this algorithm is complicated (see Figured] for 
the flowchart), we do not try to write down an explicit formula in general. We instead 
focus on vanishing theorems for special cases when integrands are not twisted too much 
along C. This is our second main result. See §5J 

Our motivation of study in this series is an application to the Nekrasov partition func- 
tion [23]. Let us explain it briefly. The Nekrasov partition function is the generating 
function of an equivariant integral over M(c). One of the main conjecture on it states 
that the leading part J-q of its logarithm is given by the Seiberg-Witten prepotential, a 
certain period integral on the Seiberg-Witten curves. The three consecutive coefficients 
(denoted by H, A, B) are also important for the application to the wall-crossing formula 
for usual or ii'-theoretic Donaldson invariants for projective surfaces with = ^7], |8j. 

When the integrand is (1) 1, (2) slant products of Chern classes of universal sheaves 
with the fundamental classes of C^, or (3) the Todd class of M(c), the authors proved 
that the partition function satisfies functional equations, called the blow-up equations, 
which determine coefficients recursively in second Chern numbers of c fl8{ [19] [20] . The 
functional equations induce a nonlinear partial differential equation for J-q, which has 
been known as the contact term equation in the physics literature [12], [6] . In particular, 
the Seiberg-Witten prepotential satisfies the same equation and hence is equal to J-q. This 
was our proof of the above mentioned conjecture. There are other completely independent 
proofs by [25 , 2J. But so far H, A, B can be determined only from the blow-up equation. 

Nekrasov's partition functions have more variants by replacing the integrand. Let us 
give three examples: 
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(a) We integrate Euler classes of vector bundles given by pusliforward of universal 
sheaves. They are called the theories with fundamental matters in the physics literature. 

(b) When we integrate the Todd classes, we can cap with powers of the first Chern 
classes of the same bundles. They are called 5-dimensional Chern-Simons terms. 

(c) We can also incorporate universal sheaves to which Adams operators are applied. 
They are called (higher) Casimir operators. They give coefficients appearing in the defin- 
ing equation of the Seiberg-Witten curve. 

The blow-up equation was derived by analyzing relation between integrals over M(c) 
and M(c). Our vanishing results in ^enable us to generalize our proof for those variant^. 
In this paper, we explain it for theories with 5-dimensional Chern-Simons terms and 
Casimir operators. The case for the theories with matters will be given elsewhere |23j . 

The paper is organized as follows. In ^ we state our results after preparing the nec- 
essary notations. In §2] we prove several versions of vanishing theorems as applications 
of the results in In §3] we study the Nekrasov partition function for theories with 
5-dimensional Chern-Simons terms. The blow-up equation is derived. This section is ex- 
pository since the derivation of Nekrasov's conjecture was already given in [8] assuming 
the vanishing theorems. 

The actual proof starts from §11 We review the quiver description of the framed moduli 
spaces obtained in |2T] and the analysis of the wall-crossing in [22] , and add a few things. 
The quiver description is necessary to define master spaces. In ||5] we define enhanced 
master spaces. We follow Mochizuki's method p3], but give the construction in detail 
for the sake of a reader. In §^1 we prove Theorem 11.51 the variant of Mochizuki's weak 
wall-crossing formula. Again the proof is the same as Mochizuki's. 

Acknowledgments. The first named author is supported by the Grant-in- Aid for Scien- 
tific Research (B) (No. 19340006), Japan Society for the Promotion of Science. The second 
named author is supported by the Grant-in-aid for Scientific Research (B) (No. 18340010), 
(S) (No. 19104002), JSPS and Max Planck Institute for Mathematics. Both authors thank 
Takuro Mochizuki for explanations of his results, and the referee for many valuable com- 
ments. 

1. Main result 

Notations. Let [^o '■ '■ ^2] be the homogeneous coordinates on and ioo = {zo = 0} 
the line at infinity. Let p: F be the blow-up of at [1 : : 0]. Then F is the 

closed subvariety of P^ x P^ defined by 

{{[zo : zi : Z2], [z : w]) G P^ x P^ | ziw = Z2z} , 

where the map p is the projection to the first factor. We denote p~^{£oo) also by ioo for 
brevity. Let C denote the exceptional divisor given hj zi = Z2 = 0. Let O denote the 
structure sheaf of P^, 0{C) the line bundle associated with the divisor C, and 0{mC) its 
m*^ tensor product (^(C)®™ when m > 0, (C(C)®-™)^ if m < 0, and C if m = 0. And 



The proof in [55] can be generalized to those variants. See for the theory with S-dimensional 
Chern-Simons terms, and ^ISj for higher Casimir operators, but not with Todd genus. 
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we use the similar notion 0{mC + nioo) for tensor products of 0{mC) and tensor powers 
of the hne bundle corresponding to ioo or its dual. 

The structure sheaf of the exceptional divisor C is denoted by Oc- If we twist it by the 
line bundle (9pi(n) over C = P^, we denote the resulted sheaf by Oc{n). Since C has the 
self-intersection number —1, we have Oc ® 0{C) = Oc{—l)- 

For c G iJ*(P^), its degree 0, 2, 4-parts are denoted by r, ci, ch2 respectively. If we 
want to specify c, we denote by r(c), Ci(c), ch2(c). 

For brevity, we twist the push-forward homomorphism by Todd genera of and P^ 
as in [22l §3.1] so that it is compatible with the Riemann-Roch formula. 

We also use the following notations frequently: 

• V is the involution on the i^"-group given by taking the dual of a vector bundle. 
. A{E) := c,{E) - ^Ci(E)2, A(c) := -ch2(c) + ^fi{cf. 

• Cm denotes Oc{—'m — 1). 

• em-=ch.{Oc{-m-l)). 

• pt is a single point in X, X or sometimes an abstract point. Its Poincare dual in 
H^{X) or H^{X) is also denoted by the same notation. 

• For an integer X let iV = {1, 2, . . . , N}. 

For a sheaf E on P^, we denote H\E{-e^)), H\E{C - £oo)) by Vo{E), Vi{E) respec- 
tively (and simply by Vq, Vi if there is no fear of confusion). In this paper we mainly treat 
sheaves E with H\E{-i^)) = = H\E{C - i^)) for i ^ 1. This is clear after we will 
recall the quiver description of framed moduli spaces in §1) Va{E) appears as a vector 
space on the vertex a, and any sheaf in this paper corresponds to a representation of the 
quiver. Under this assumption we have 

dimH = dimH\E{-l^)) = -(ch2(^), p]) + \{ci{E), [C]), 
dim = dimH\E{C - i^)) = -{ch^iE), p]) - ^{c,{E), [C]) 
by Riemann-Roch. 

Let M be a moduli scheme (or stack) and qi, q2 be projections to the first and second 
factors of P^ x M. For a sheaf S (e.g., the universal sheaf) on P^ x M, let 

• ViiS) := R'q2.i£ ® qlOiC - i^)). 

Let Ext*2 denotes the derived functor of the composite functor g2* ° 'Horn. We often 
consider Ext*2(^^, Cm), where is considered as a sheaf on P^ x M via the pull-back by 

1.1. Framed moduli spaces. A framed sheaf {E, $) on P^ is a pair of 

• a coherent sheaf E, which is locally free in a neighborhood of £005 and 

• an isomorphism E\£^ — )■ Of_^, where r is the rank of E. 

An isomorphism of framed sheaves (i?, $), (£",$') is an isomorphism E ^ E' such 
that $' o ^1^^ = When r = 0, we understand that a framed sheaf is an ordinary sheaf 
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of rank whose support does not intersect with £00 • We have the corresponding definition 
of a framed sheaf on the blow-up P^. 

Definition 1.1. Let m G Z>o. A framed sheaf {E, $) on is called m-stable if 

(1) Hom(E, Oci-m - 1)) = 0, 

(2) Rom{Oc{-m),E) = 0, and 

(3) E is torsion free outside C. 

Though it is not obvious from the definition, an m-stable sheaf must have r > 0. (See 

m §2.2].) _ 

We have a smooth fine moduli scheme M™'(c) of m-stable framed sheaves {E, $) with 
ch{E) = c G such that (c, [i^]) = 0. It is of dimension 2r(c)A(c). (See Theo- 

rem 14.21 ) Let S be the universal sheaf on P^ x M™'(c), which is unique thanks to the 
framing unlike the case of ordinary moduli spaces. 

As special cases with m = and m sufficiently large, we have fine moduli schemes M(c) 
and M(c) of framed torsion free sheaves {E, $) on P^ and P^ respectively. For M(c), we 
take c G H*{F'^) with (ci, [C]) = 0. (See [SH §7] or [221 §3.1, §3.9].) They are connected 
by a sequence of birational morphisms as explained in the introduction. See §4.41 

In fact, M(c) was studied earlier in |T71 Chap. 2,3] (denoted there by A^(r, n)). We 
need to recall one important property: We have a projective morphism vr: M(c) — )■ Mq{c), 
where Mo(c) is the Uhlenbeck (partial) compactification of the moduli space Mq'^^(c) of 
framed locally free sheaves (£',$). In [loc. cit.] Mo(c) was constructed via the quiver 
description, and bijective to 

|JMo^^^(c')®5^(')"^(''Hc2) 

c' 

set-theoretically. Here ^"(C^) denotes the n^^ symmetric product of C^. 

For any m, we still have a projective morphism n: M™'(c) — )■ Mo(j5*(c)). This follows 
from the quiver description (Theorem 14.21) or [221 §3.2]. It is compatible with the diagram 

([*]) and induced from a projective morphism M'"'™^^(c) — )■ Mo(p*(c)). 

1.2. Grassmann bundle structure. As we mentioned above, we have M°(c) = M(j9^,(c)) 
when (ci, [C]) = 0. For < (ci, [C]) < r, we have a similar relation as follows. We need 
to consider M^(c) with > (ci, [C]) > — r instead after twisting by the line bundle 0{C). 

Proposition 1.2 ([22l §3.10]). Suppose < n := — (ci, [C]) < r. There is a variety 
N{c,n) relating M^{c) and M^{c — ucq) through a diagram 

M\c) M\c-neo) 

satisfying the followings: 

(1) /i is surjective and birational. 

(2) /2 is the Grassmann bundle GT(n,Ext]j^(Oc{—^),£')) of n-planes in the vector 
dle Ext]^^{Oc{—l), S') of rank r over M^{c — nco). 
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(3) We have a short exact sequence 

^ (idp2 y<f2)*£' ^ (idp2 xf.ys ^ Oci-l) K 5 -> 0. 

Here £, £' are the universal sheaves for M^{c) and M^(c — neo) respectively, and S is the 
universal rank n subbundle of Ext ^^{Oci— I), £') over Gi^n, Ext g^(Oc{—^), £')) ■ 

Remark that ExV^^{Oc{—l) , £') = for i = 0, 2 by the remark after Lemma [4. Ill below. 
Hence ExtJ^(Cc(-l), is a vector bundle, and its rank is r by Riemann-Roch. 

We have {ci{c — neQ), [C]) = (ci, [C]) + r;, = 0. Therefore M^{c — neo) becomes M(p*(c)) 
after crossing the wall between 0-stability and 1-stability. 

1.3. Torus action and equivariant homology groups. Let T be the maximal torus 
of SLr(C) consisting of diagonal matrices and let T = C* x C* x T. We have a T- action 
on M'"(c) induced from the C* x C*-action on given by 

{[zo : Zi : Z2\, [z : w]) ^ {[zq : tiZi : ^2^2], [hz : ^2^]) 

and the change of the framing $. See [221 §5]. It was defined exactly as in the case of 
framed moduli spaces of torsion free sheaves, given in |18l §3]. The action is compatible 
with one on Mq{c), i.e., tt is T-equivariant. All the constructions, which we have explained 
so far, are canonically T-equivariant. For example, we have the canonical T-action on the 
universal sheaf £. ^ ^ 

Let HJ{X) be the T-equivariant Borel-Moore homology group of a T-space X with 
rational coefficients. Let H~{X) be the T-equivariant cohomology group with rational 
coefficients. They are defined for X satisfying a reasonable condition, say an algebraic 
variety with an algebraic T-action. See, for example, [121 App. C]. They are modules 
over the equivariant cohomology group H~{pt) of a point, isomorphic to the symmetric 

product of the dual of the Lie algebra, which we denote by S(T). 

The projective morphism tt: M™(c) — )■ Mo(p*(c)) induce a homomorphism 

We denote this homomorphism tt* by Jfjmf^^y since we also use similar push-forward ho- 
momorphisms from homology groups of various moduli schemes or stacks and want to 
emphasize the domain. 

On the other hand, the target space Mo(p*(c)) is not at all important. We can com- 
pose the push- forward homomorphism for the inclusion Mo(p*(c)) C Mo(c') for A(c') > 

A(]9^,(c)). Then /jyj™^^) takes values in ifJ(Mo(c')). We can also make J^m(^c) "^i^h values 
in &(T), the quotient field of S(T) as follows: Recall that T has the unique fixed point in 
Md(p*(c)) [18, Prop. 2. 9(3)]. We compose J-^,n(^c) "^i^h the inverse Lq^ of the push-forward 
homomorphism to* for the inclusion {0} — )• Mo(p*(c)) by using the localization theorem 
for the equivariant homology group, which says to* becomes an isomorphism after tak- 
ing tensor products with &{T) over H~{pt) = S(T). This is compatible with the above 
inclusion. See [TH §4] for more detail. 
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1.4. Weak wall-crossing formula. We now state our first main result in this subsection. 
Let ^{S) G H~{M'^{c)) be an equivariant cohomology class on M™(c) defined from a 

sheaf £" on X M™'(c) by taking a slant product by a cohomology class on P^, or taking 
a cohomology group, for example, 



1.3) $(£) := exp 



J2 [t,c\+,iS)/[C] + rpChp+i(^)/[C2i 
-P=i 

Nf 

or $(£) := Yl e{Va{S) ® e^-f ) a = or 1, 
/=i 

where tp, Tp are variables and the exponential defines formal power series in tp, Tp in 
the first case, and mi, . . . , m^v^ are variables for the equivariant cohomology if*^^^jv^, (pt) 

of the iVj-dimensional torus of a point, and e'^f is the corresponding equivariant line 
bundle. For £ we typically take the universal sheaf, or its variant. For the latter ^{S) = 
n^ii e{Vai£) ® e'^O. we need to enlarge f to f x {C*)^f but keep the notation T for 
brevity. And e( ) denotes the equivariant Euler class. 

Remark 1.4. The notation Nf is taken from physics literature. It is the number of flavors. 
But we denote the rank by r, though it is denoted by (number of colors) in physics 
literature. 

The above examples of $ are multiplicative, i.e., ^{£Q)S') = This condition 

is useful when we will study the vanishing theorem in ^ But we do not assume it in 
general. 

For j G Z>o we consider the j-dimensional torus (C*)-^ acting trivially on moduli 
schemes. We denote the 1-dimensional weight n representation of the i*^ factor by e"^^'. 
The equivariant cohomology H^i^,y{pt) of the point is identified with C[hi, . . . , hj]. In the 
following formula we invert variables hi,. . . , hj. See §6.11 for the precise definition. Also 
we identify ^{£) with the homology class ^{£) H [M™"'"^(c)] and apply the push-forward 
homomorphism jj^m+n^^y 

Theorem 1.5. 



} / Res ■ ■ ■ Res 



where £\, is the universal sheaf for M"^{c — jcm) and 

1 Y[l<ii^i2<ji~^h + 



n-=i em£\>, C^) ® e-'^O emCm. £,) ® e^O 

2 2 

m{£^,Cm) := -5^(-i)'^Ext^^(^,,c^), ^{c^,£,) ■=-Y,{-^T'^K.iCm,£\> 

a=0 a=0 
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{Note that "^^{Si,) depends on j , but not on c — jcm if we consider E\j as a variable.) 
The proof will be given in §6.41 

1.5. Blow-up formula. Recall that M'"(c) is isomorphic to the framed moduli space 
M(c) of torsion free sheaves on if m is sufficiently large. Using Proposition II. 2[ Theo- 
rem [L5] and twist by the line bundle 0{C), we can express /^g^^-, ^{^) as a sum of various 
/m(c') '^'(^)'s for some c', Unfortunately the procedure, which we will explain below 
in detail, is recursive in nature and rather cumbersome. See Figure [H for the flowchart. 
In particular, we do not solve the recursion and do not give the explicit formula. 

1.5.1. For a sequence j = {jo,ji, ■ ■ ■ ,jm-i) ^ ^>0) we deflne recursively starting from 
= 1 by 



where K^, . . . , Kj'^ are variables. Then we set = "^o- By Theorem 11.51 we get 

(1.6) / $(^) = V/ Res$(£,©00C„®e^")*%O, 

where Resg^g is the iterated residues 

Res := Res ■ ■ ■ Res Res ■ ■ ■ Res ■ ■ ■ Res ■ ■ ■ Res . 

Since M(c) is isomorphic to M™(c) for a sufficiently large m, an integral over M(c) can 
be written in terms of integrals over M^{c') with various c' thanks to this formula. 
Note that if (ci, [C]) > 0, we have 

dimM°(c-^j„e„) 

(1.7) " ^ 

= dimM"(c) - 5^r(2n + l)j„ - J^Jn Jn + 2(ci, [C])) < dimM™(c) 

if (Ji,j2,...)^0. 

1.5.2. We usually consider the moduli space M(c) with < (ci, [C]) < r. This is always 
achieved by tensoring a power of the line bundle 0{C). And then we can hope to relate 
Im{c)^(^) Im{p,{c))^(^) thanks to Proposition Ol But look at f|L6l) . The right 

hand side of (11.61) contains integrals over M°(c') (c' = c — ^^3^^^) ^'^^ which we have 
< (ci(c'), [C]), but not necessarily < r. Thus we need to tensor a line bundle again. 

Since keeping track the precise form of the formula is a rather tiresome work, we redefine 
a term in the right hand side of (11.61) as /jgo(c) and start from it. We can assume 

(ci, [C]) > 0, as we explained. 
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1.5.3. First consider the case (ci, [C]) = 0. We have an isomorphism 11: M^{c) = 
M(p^(c)) by (-E, $) i-> where the higher direct image sheaves R?'^p^,{E) van- 
ishes. Moreover its inverse is given by $) ^ (p*-F, $), and L^'^p*F = 0. (See [22| 
Prop. 3.3 and §1].) If we denote the universal sheaf for M{p^.{c)) by J-", the universal sheaf 
S for M°(c) is equal to {p x 11)* (J-"). Therefore we have 

/ m= L $((pxn)*(^)). 

Since L'^^{p x Ii)*[J^) vanishes, this holds in the level of i^-group. 

We may have expressions 0{C) or [C], which do not come from M(p*(c)) in the ex- 
pression $(£^), but we can use the projection formula to rewrite the right hand side as 

/ <^>'(^)- 

JM{p,{c)) 

for a possibly different cohomology class $'(•). 

1.5.4. Now we may assume (ci, [C]) > 0. We have 

(1.8) / m = I ^{£{-c)) 

by the isomorphism M°(c) 3 {E, $) i— t- {E{C), $) G M-^ {ce^'-^^) . Two universal sheaves for 
M°(c), M^{ce^'^) are denoted by the same notation, but the latter is twisted by 0{C) 
from the former under this isomorphism, and it is the reason why we have ^{S{—C)). 

We have -r < ici{ce^^^), [C]) = (ci, [C]) - r. If this is negative, in other words, if 
we have (ci, [C]) < r, we go to the step which will be explained in §1.5.51 So we assume 
{ci{ce^^), [C]) > 0. We now redefine the right hand side of (11.81) as j^if^^-^ ^{^) ^"^^ return 
back to §1.5.11 and apply (11.61) with m = 1. 

We repeat this procedure until all terms are integrals over M^(c') with — r < (ci(c'), [C]) < 
0, or M^{c") with ci(c") = 0. From the dimension estimate (11.71) . the procedure ends after 
finite steps. 

For ^{S) = n^i^C^'a(^) ® e™-f), this process requires a care, since Va{S{—C)) = 
R^q2*{S{-C)^ql{0{aC-io^))) may not be a vector bundle on M°(c), so e{Va{S{-C))® 
e™'^) does not make sense, and we cannot apply (II. 6p with m = 1. We overcome this 
difficulty by replacing e(Va(£^(— C)) (g) e"^f) by a product of e(Va(i^) ® e"^f) and a certain 
class, which is well-defined on M°(c). See the proof of Theorem 12. II for detail. 

1.5.5. Now we redefine the right hand side of (II. 8p as ^{S) and consider it under 
the assumption — r < (ci, [C]) < 0. 

Let n := — (ci, [C]). By Proposition II .21 we have 

/ $(£) = / $((idp. xf.ys) 

Jm^{c) JN(c,n) 

= [ $((idp2x/2)*(£)©CoK5), 

JN{c,n) 
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where we denote the universal bundle over (c—neo) by £ for brevity. Since /2 : N{c, n) — )■ 
M^(c — neo) is the Grassmann bundle of n-planes in Extg^lC'o, S), we can pushforward to 
M^(c — nco) to get 

JN(c,n) JM^ic-nen) 



where 



'$(•) := f $(•© (CoK5)) 

JGr{n,r) 



c(C!:)=c(Exti (Co,£-)) 



We need to explain the notation. We consider the Grassmannian Gr(n, r) of ra-planes 
in C, and is the pushforward i^*L(^)(Gr(r - n,r)) -> if^L(r)(pt)- The • is a 

variable living in the i^'-group K{¥'^ x pt). The universal subbundle of the trivial bundle 
C is denoted by S. And CqMS is a sheaf on x Gr(r, ra). We consider Gr(r, n) as 
a moduli space and • © Co Kl iS is a universal sheaf, and apply the function $. Finally 
( )lc(C'-)=c(Exti (Co £■)) ^^ans that we substitute the Chern classes of ExtJ^l^'o, ^^)) to the 
equivariant Chern classes of in ifQL(r)(pt)- 

We now redefine J^i(^^-^ ^{^) lM^{c-neo) '^i^)^ ^^"^ return to §1.5.11 Since dim M^{c — 
neo) < dim M^(c), this procedure eventually stop. 

1.6. Example. Consider the case c G H*{F^) with r(c) = r, ci(c) = 0, (A(c), [F^]) = 1. 
In Theorem 11.51 the wall-crossing term appears only in the case m = 0, j = 0. Therefore 

^^■^^ Lie) "^^^^ " i?o(,) "^^^^ = i?o(,_,,) e(91(£,,Co)®V^O°e(aT(Co!^0®e'^0 
In the quiver description Theorem 14.21 for M^{c — Cq) we have Vq = C, Vi = and hence 

MO(c-eo) = P''"^ 

This also follows from Proposition 11.21 In fact, /i is an isomorphism in this case. We also 
see that ^ Ker [C®^ ^ Cp(l) K Cc] • Then we have 

m{£,,Co) = a(-i), ai(Co,^b) = Op(l)®' ©5, 

where 0p(l) is the hyperplane bundle of P = P''~i and S is the universal subbundle, i.e., 
kernel of O^^ — )■ Op{l). This also follows from Lemmas 14.9114. Ill Therefore 

e{m{S,,Co) © e~^^) = -Ci(Op(l)) - /ii, 

e{m{Co, S^) © e'^^) = (ci(a(l)) + ni)2e(5 © e^^) = hl{c,{Op{l)) + h^). 

For $, we consider a simplest nontrivial case. Let /i(C) be the cohomology class on 
M™'(c) given by 

(LIO) ^^{C)■.= A{£)/[Cl 




Figure 1. flowchart 
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where / denotes the slant product /: /J|(p2 x M™(c)) O iff (P^)) ^ H't\M'^{c)). This 



^|(P2 X M™(c)) ® Hj{P)) ^ ^'^-^^ 
is the ;Li-map appearing in the usual Donaldson invariants. We have 

A(^t © Co K e-''')/\C] = -ci(Op(l)) - ^ii + £i + £2, 

where £1, £2 are generators of Lie(C* x C*) corresponding to ti, t2. 
We also have 

Hence 

Nf Nf 

/=i /=i 

We assume 2r- Nj >l and take <l>(^) = /^(C)^^-^/ nJSie(Vi(f) ® e'"/). Then the 
right hand side of (11.91) becomes 

/,,-,«,.() -R;(ci(c>,(i)) + fii)2 -li^ " 

By the degree reason, this must be a constant in ei, 62-, rrif. Therefore we may set all 0. 
Then this is equal to 



/ Res^f^ 7ci(a(l)) + ;ii: 

Jpr-l ftl— 



2r-Nf-2 
r — 1 



If r = 2, Nf = 0, the answer is —2. This is a simplest case of the blow-up formula, which 
was used to define Donaldson invariants for C2 in the unstable range. 

2. Applications - Vanishing theorems 

As we mentioned above, the wall-crossing formula only gives us a recursive procedure 
to give the blow-up formula. In this section, we concentrate on a rather special ^{£) and 
derive certain vanishing theorems. They turn out to be enough for applications to the 
instanton counting. 

2.1. Theory with matters. Let /i(C) be as in (11.101) . We consider 

Nf 

and study the coefficient of with small d. We assume Nf < 2r hereafter. 

Theorem 2.1. Suppose (ci, [C]) = 0. Then 

Nf 

<M--{c) Jm{p,{c)) f^^ 

where k = max(r + 1, 2r — Nf). Here V{S) = R^q2*{£ ® oliO^—doo))) is defined from the 
universal sheaf £ on P^ x M{p^{c)) as in the case ofVo{£), Vi{£). 



J M 
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This, in particular, means that ^di£) = for d = 1, . . . , A; — 1. When Nj = 0, this 
vanishing was shown in §6] by the dimension counting argument. The key point was 
that dim M(c) = 2rA, and hence the smaller moduli spaces have codimension greater 
than or equal to 2r. Once the wall-crossing formula is established as in the previous 
section, the remaining argument below is similar, and the bound 2r — Nf comes from the 
fact that the 'virtual fundamental class' n^=i ^C^'(^) ® ^™^) ^ has dimension 

(2r - A^/)A. 

Proof. Let us compute the cohomological degrees of the both sides of the equality in 
Theorem II .St where we say Jf^m(^^^ ^ has degree k if it is contained in if|^(Mo(p*(c))). We 
have 

(2.2) deg / ) = deg / <l>,(^) 

= dim M"(c) - Nf dimVoic) - d = -{2r - Nf){ch2{c), p]) - d. 
On the other hand, we can write 

j Nf 

I ^{£, © C„ K e'''^W{£,) = [ Yl e{Vo{£,) ® e"^0 U ^ 

for some cohomology class "v*. Therefore its degree is at most 

dimM'^ic- J Cm)- Nf dim Voic- J Cm) 

= - (2r - A^/)(ch2(c), p]) - j{m{2r - Nf) +r+j). 

Since j(m(2r — Nf) + r + j) > r + 1, it is zero if < r. 

In order to prove the vanishing for d < 2r — Nf — 1, we need a refinement of the general 
machinery in §1.51 We need to look at each step in the flowchart (Figure [1]) more closely. 
The first step §1.5.1l has no problem. In (11. 6p we have 

m—1 jn m—1 jn 

n=0 i=l n=0 i=l 

as we have a decomposition of a vector bundle Vo{£ © 0^=0^ ©i=i © e^'* ) = Vo{£) © 
©r=o^ ©i=i "'^o(C*n © e^*' ), and the Euler class has a multiplicative with respect to the 
Whitney sum. 

In §1.5.4[ [T.5.51 we consider the tensor product £{—C), where £ is the universal family 
on the moduh space of 1-stable sheaves. This causes a trouble because R^q2*{£{—C — ioo)) 
is not a vector bundle, as mentioned ealier. We need a closer look. 

By pi] Lemma 7.3] the natural homomorphism H^{E{—ioo)) H^{E{C — ioo)) is 
surjective for a 0-stable framed sheaf {E, $). Therefore H^{E{-C - ioo)) H^{E{-(ioo)) 
is surjective for a 1-stable framed sheaf {E, $). Let us give a direct proof since we need 
to understand the kernel. Suppose E is 1-stable. Since }lom.[E,Oc{—2)) = 0, we have 
E © Cc/torsion = Oc{ai) with > -1. Therefore H^{E © Oc) = 0. Since we have 
an exact sequence = H\Toyi{E,Oc)) -> H\E ©^ Oc) -> H\E © Oc), it implies 
H\E ©^ Oc) = 0, and hence H\E{-C - i^o)) ^ H\E{-ioo)) is surjective. 
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Since the kernel of this surjective homomorphism is H^{E ®^ Oc), we have 
e(Vo(^(-C)) ® e"/) = eiVoiS) ® e'"/) e(g2*(^ Oc) ® e^O 

= e(Vo(^) ® Ca{q2*m » [Oc]) ® e'"0 

on M\c), where a = dim H\E{-C - i^)) - dim H\E{-e^)) = {ci{E), [C]) +r and we 
replace S, Oc, ^2* by their i^-theory classes and the i^-theory pushforward in the last 
expression. 

Now Vo{S) is a vector bundle over M°(c), M^{c) and master spaces from the quiver 
description in §11 Therefore e{Vo{£) ® e™/) (and also Ca{q2*i[S] ® [Oc]) ® e™^)) are well- 
defined so we replace e(Vo(£^(— C)) ® e^-^) by the right hand side and continue the flow 
in Figure [H We may still need to treat ®0(C) in a subsequent process in the flowchart. 
Then we again get e(Vo(£^(— C)) <^e'^f), so use the same procedure to replace by the right 
hand side. 

As a result we can write 




for various with ci(c — c^) = and cohomology classes Q"^{Sb). The left hand side has 
degree as in (12.21) . On the other hand, the degree of the right hand side is at most 

dimM(p,(c- c^)) - A^/rankVo(^b) = (2r - Nf){A{c-c^), [P]). 

If is nonzero, then it is at most (2r — Nf){{A{c), [P^]) — 1}, since (A(c — c^), [P^]) is an 
integer and we have (II. 7p . Therefore there is no contribution to the wall-crossing formula 
if < 2r-Nf. For = 0, we get /jgo(^) ^d{£), but it is equal to 5^0 Im(p4c)) H^i e(V(£^)® 
e™'^) as M°(c) — )■ M(p*(c)) is an isomorphism and /i(C) = on M^{c). □ 

For a slightly modified version 

/=i 

the second part of the argument works, we get 
Theorem 2.4. Suppose (ci, [C]) = 0. T/ien 

Nf 

[ $'(£)= /" ne(V(£)®e"^0 + O(t'^'~^0- 
Moreover the coefficient of t^*""^/ is 




ifNf < 2r. 
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For the last assertion, it is enough to calculate the case (A(c), [P^]) = 1 by the same 
argument. (See the proof of Theorem l2.6l for more detail.) Hence §1.61 gives us the answer. 
Next consider the ci 7^ case. 

Theorem 2.5. Suppose < n := (ci, [C]) < r. Then 

[ <^'{s) = o(r("-")). 

In fact, we have 

deg / ^'^{S) = (2r - Nj) dimFi(c) + n{r - n) - d, 

and all terms in the right hand side of (12. 3p has degrees at most (2r — Nf) dim Vi(c) as 
dim Vi(c — c^) < dim Vi(c). So the same argument works. 

Let us state what we observed in the above proof as a general structure theorem. Let 
$(£^) be a multiplicative class in the universal family S. Then 

Theorem 2.6. Let us fix Ci with < — (ci, [C]) < r. There exists a class Qj{S, t), which is 
a polynomial in Ci{S)/[0] (i = 2, . . . ,r) with coefficients in if^.^^., (pt)[[t]] = C[ei,52][M]; 
and independent 0/ A(c) such that 

(2.7) / <l>{S)exp{tf,{C)) = J2 [ HS)Q,{S,t). 

Jm{c) j>o JM{p,(c)+jpt) 

Moreover VLj{£, t) is unique if ^{8) ^ for H*~{M{r, 0, 0)) = i/~(pt) = S{f). 

For the theory with matters, the coefficients of VLj{£^t) are in if* ^f.*^iVf (pt)[M] = 
C[ei,e2,"^i, • • . ,mArJ[[t]]. 

Proof. As in the derivation of ( 12. 3p . we obtain a formula as above, where M{p^,{c) +j pt) is 
replaced by {p* {p^{c) + j pt)) and fij(£, t) is a polynomial in Chern classes of g2*([^] ® 
[Ocijn)]), q2*{\£Y ® ['^cij^)]) of various m. This Qj{S,t) is independent of A(c), as 

• \l'"' (i^b) in Theorem 11.51 depends only on j, 

• the choice, whether we perform twist by 0{C) or not, is determined by ci, and 

• the Grassmannian in Proposition 11.21 is determined by r and Ci. 

Thus it only remains to show that we can further replace Qj so that it is a polynomial in 
c,{£)/[0] {t = 2,...,r). 

By the Grothendieck-Riemann-Roch theorem, these classes can be expressed by Cj(£^)/[0] = 
c^{q2*m ® [Oc])). Note that q2.{[S] ® [Oc]) = - Ea=o(-l)" Ext"(Oc(-l), ^). If we cross 
back the wall from M° to M\ we have Ext^g^{Oc{-l),S) = = Extl^{Oc{-l),S) on 
by the remark after Lemma [4. Ill below. Therefore Ext^2(C^c(~l); ^^) is a vector bundle of 
rank r, and Cj(£^)/[0] vanishes for i > r. Since the difference of the integrals over and 
M° are expressed by integrals over small moduli spaces, we can eventually express Qj as 
a polynomial in Cj(£)/[0] (i = 2, . . . , r) by a recursion. 
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Let US show the uniqueness of Qj{S,t) by a recursion on j. Let us take the smallest 
possible A(c) with M(c) 7^ 0, i.e., the case when c + (ci, [C])eo = (r, 0, 0) (cf. Proposi- 
tion [T?2])- Then we only have the term with j = in the right hand side of f l2.7p . In this 
case, p^{c) = (r, 0, 0) and the moduh space M(r, 0, 0) is a single point. Therefore flo{S, t) 
is determined by (12. 7p . 

Now suppose that Qj{S,t) with j < n are determined. Then we take c whose A(c) is 
n larger than the previous smallest A(c). Then j in the summation in (12. 7p runs from 
to n. Moreover M(p*(c) +npt) = M(r, 0, 0) is a single point again. Therefore Qn{^,t) is 
determined from (12. 7p and Qj{£,t) with j < n. □ 

Suppose that the degree of /jg^^-, ^{S) is of a form 7A(c) + a(ci, [C]) + 6 for some 
constants 7, a and b, depending only on r. We further assume that 7 > 0, as in the case 
7 = 2r — Nf > for the theory with matters. Then 

deg / HS)KCf = 7A(c) + a(ci, [C]) + b - d, 

Jm(c) 

deg / $(^)r],(£,t) <7(A(p.(c))-j) + &, 

J M{p,(c)+jvt) 

Since we are fixing (ci, [C]) as in Theorem 12.61 the two degree cannot match if j is too 
large. This means that we only need to calculate finitely many VLj{£,t) to determine 
/m(c) ^i^)l^i^Y ^ fixed d. (In practice, the maximal j can be calculated explicitly.) 

2.2. /^-theory version. We derive the wall-crossing formula for a i^'-theoretic integra- 
tion via the Grothendieck-Riemann-Roch formula. 

Let td(a) be the Todd class of a i^-theory class a on various moduli spaces. The Todd 
class of the tangent bundle Tm of a variety M is denoted by td M. We have 

td M'^(c) =id{^{8,£)). 
For integers d, I and a = or 1, we consider 

(2.8) $(£) =td(ai(£,^))exp(/ci(V,(^)))exp(-rfch2(^)/[q). 

By a discussion in [20], several paragraphs preceding Def. 2.1], — ch2(£^)/[C] is the first 
Chern class of an equivariant line bundle up to a (rational) cohomology class in if~(pt), 
which is zero if (ci, [C]) = 0. Since this difference is immaterial in the following discussion 
(in particular in Theorem 12. lip , we identify — ch2(£^)/[C] with the equivariant line bundle, 
which we denote by /i(C). (This is the same as //(C) in the previous subsection up to a 
class in H~{pt).) Then the equivariant Riemann-Roch theorem (see e.g., p]) we have 

/ $(^) = r [Tf^fiiCf'^^detVaiSf')) , 
7m™(c) 

where r is the equivariant Todd homomorphism r: ii''^(Mo(p*(c))) — )■ H'^ {Mq{j)^{c))) for 
the Uhlenbeck partial compactification Mo(p*(c)), and ^=1, is the push- forward homomor- 
phism in the equivariant /^-theory. 
We have 

td(91(£, £)) = td(ai(£i, ^1)) td(OT(£i, £2)) td{m{£2, £1)) td(0Z(^2, £2)) 
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a £ = £i ® £2- Then from Theorem 11.51 we get 



where 



$(£)-/ ^{£) = y2 $(£b) URes---Res^^(£:b 



' exp (/ci(V,(C^ - o!ch2(C^ e-^0/[C]) ^ n - "'^ 1 

.1 = 1 1<«1A«2<J 



Here e is the (Chern character of) i^T-theoretic Euler class: 



e^{a) = e(a)td(a)-i = ^(-1)^' ch(A''c 

p=0 

where e(a) is the usual Euler class as before. 

Strictly speaking, we need to consider the completion C[/i7^)^i]] for the coefficient 
rings of the localized equivariant homology groups of moduli spaces, as for example, e"'** 
is not allowed. Here C[fi~^, ^j]] is the algebra of formal power series '^ajh^ such that 
{j < I ttj 7^ 0} is finite. The modification appears only at §6.11 and the beginning of 
§6.3^ and the rest of the proof remains unchanged. 

Observe that hi appears always as a function in Xj := e~^' — 1 in the above formula. 
We change the coefficient ring from C[h~^, hi]] to Cfx^""*^, a;^]]. 

We have 



Res/(e-^' - 1) = - Res 



rjj=o Xi=o Xi + 1 

as dxi = —e~^'''dhi = — (xj + l)dhi. Therefore 

Theorem 2.9. 



/* /I 00 n 

/ ^{£)- I ^{£) = y2 $(£b) URes---Res^^(£:b), 



where 



exp (fci(V„(C„, 8(1 + Xj))) ~ (ich2(C„ » (1 + a:i))/[C]) 
j! 11 eK^fll.. C„,) » (1 + I.)) •) ® TTs)(-(l + ^''i)) 



n -f- 



In view of Proposition 11.21 the following is useful to replace the i^-theoretic integration 
on M-^(c) by one on N{c,n). 

Lemma 2.10. Consider the diagram in Proposition We have 

Proof. Since /i is a proper birational morphism between smooth varieties, this is a well- 
known result (see e.g., [TTl §5.1]). □ 
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In the remaining of this section we study the vanishing theorem for small d. 

Theorem 2.11. Assume < I < r. 

(1) Suppose (ci, [C]) = 0. IfO<al + d<r, 



$(f)= / td(aT(£:,^))exp(/ci(V(f))), 

'M(c) Jm{p,{c)) 

where V{S) is the vector bundle defined as in Theorem \2.1\ 

(2) Suppose a = l and < (ci, [C]) <r. If < d < min(r + (ci, [C]) - /, r - 1), 

J M(c) 

This result was conjectured in [8, (1.37), (1.43)]. 

Proof. We study factors of \£'-'(£^b) more closely. Note that £\) is the universal sheaf for 
M'^{c — jcm), hence 

rank01(C^,£b) = (m + l)r + (ci, [C]) + j, rank01(£b, C^) = mr + (ci, [C]) + j. 
If {tta}, {/Sfo} are Chern roots of D^(Cm,£^i,), ^(^bjC'm) respectively, we have 

1 _ exp(^^ aa) 



mCrr^S^) ® T^) (-X,)(™+1)'-+(^1'[^1)+^- -LI 1 + 1^ 



(2.12) 



1 + - 



nr 



e^(OI(^b,CJ® (1 + Xi)) V a;^ 
On the other hand, we have 

exp{lc^{Va{C^ ® (1 + x,)))) = exp(/ci(V„(C„)))(l + x,)'('"+») 
as rank Va(Cm) = m + a. Also 

exp(-rfch2(C^ ® (1 + x,))/[C]) = exp(-cich2(CJ/[C])(l + x.^, 

as chi(C™)/[C] = -1. 

Let us expand "$^{81,) into formal Laurent power series in Xi. Note that we have the 
remaining factor 

1 -TT 3^1 - _ n»2^i(3^i ~ ^^2) 

(1 + xi) ^± 1 + xi ~ {i + xiy 

from \E'-' («) in Theorem 12.91 This term can be absorbed into the second equality of (12.120 

as 

n (r, — T- ] / 1 \ "i''-+(ci,[Cl)+j / \ mr+(ci,[C]) 

11 T V ^ + -) =-(1 + -) lid--)- 

(1 + xi)^ V 2:1/ xi\xij .J-J- Xi 

Note that mr + (ci, [C]) > 0, and hence (1 + -i-)™-''+(ci.[c]) jg ^ polynomial in x^^. We also 
write 



Xi 



1 



((ni+a)+d 
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as a Laurent polynomial in x^^. Note that we have l{m + a) + d > la + d > by our 
assumption. Therefore we have 

for some formal power series f{xi^) in x^^ with 

N = {m+l)r + (ci, [C]) + j + 1 - l{m + a) - d 
= m{r -l) + {r-d) + (ci, [C]) -la + j + 1. 

Since < r — I and < m, the first term m(r — /) is nonnegative. We also have j > 1. 
Therefore we have > 2 if d+la < r + (ci, [C]). This shows that there are no wall-crossing 
term, i.e., 



Jm(c) JmO(c) 



' M{c) JMO{c) 

If (ci, [C]) = 0, we have an isomorphism 11: M°(c) — > M{p^,{c)) given by Il{E,^) = 
n~^(F, $) = (see §1.5.31 for a precise statement). Therefore the 

tangent bundles ^{S,S) for M(c) and M(p=i,(c)) are isomorphic to each other. Vector 
bundles Vo{£) for M(c) and M(p*(c)) are isomorphic to each other from the description 
of n in We also have ch2(^)/[C] = 0. These show (1). 

To show (2), we consider M°{c) = M\ce^^^) given by (E, $) ^ (^(C),$). Then 
Proposition 11.21 is applicable. We then have 

/ HS)= [ td(DT(£,£))exp(/ci(Vo(^)))exp(-rfch2(^(-C))/[C]) 

where S in the right hand side is the universal sheaf for M^(ce['"l). As we explained in 
the beginning of this subsection, we may replace this integral by 

r(7f,(/i(C^)®'^®detVo(^)^')). 

The difference between ch.2{S{—C))/[C] and ch2(£^)/[C] is immaterial, as it is a class 
pulled back from Mo(p*(c)). By Lemma [2.101 and the projection formula, we can replace 
the above by the push-forward from N(ce^'~^\n) with n = r — (ci, [C]), where /i(C), Vo(^) 
are replaced by their pull-backs by /i. From the exact sequence in Proposition 11.2( 3) we 
have 

fJVo{£) = f;Vo{£') 
where £' is the universal sheaf for M^(ce^'^^ — neo). We also have 

AV(C)=det5 

up to the pull-back of a line bundle from M°(cef'"l — neo) by A- Therefore it is enough to 
show that 

/2*(det5®'^) = forO<rf<r. 

Since A is a Grassmann bundle of n-planes in a rank r vector bundle, this vanishing is 
a special case of Bott vanishing theorem [1] or a direct consequence of Kodaira vanishing 
theorem. □ 
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2.3. Casimir operators. We generalize the vanishing result in the previous subsection 
to the case when we integrate certain i^-theoretic classes given by universal sheaves on 
moduli spaces. 

Let be the p^^ Adams operation (see e.g., O I. §6]). We will use it for p < 
defined by ip^^x) = ip~P{x^) . For indeterminates r = (■ ■ ■ , r_2, r_i, ri, r2, ■ ■ ■ ) and t = 
(■ ■ ■ , t-2, t-i, ti, ^2, ■ ■ ■ ) we consider a generalization of (12. Sp with a = 0: 

^S) = td{m{£,£)) exp{lci{Voi£)) - dch2iS)/[C]) 

expl J2 r,ch(^r{n/[C'])+tpch(^r{n^Oc{-l)/[& 
\pez\{o} 



X 



where the /T-theoretic slant product "/[C^] is defined by •/[C^] = q2*{*®1iP* 

(4/')) with 

p: — 7- C^. We have two remarks for the definition. First we define the push-forward 
q2* by the localization formula, i.e., the sum of the fixed point contributions, since q2 
is not proper. This is a standard technique in instanton counting and its meaning was 

1 /2 

explained in detail in [TS], §4]. Second K^2 is the trivial line bundle together twisted by 
the square root of the character of (C*)^, which we consider as a character of its double 
cover. Having the above two remarks in mind, we see that the above integral is essentially 
defined by the equivariant i^-theory push-forward as before. 
We expand /jgm(^) ^(^) i^i ipi '^p and consider coefficients 



JM"^(c) J M^(c) 



where n = (■ ■ ■ , n_i, ni, ■ ■ ■ ), m = (■ ■ ■ , m_i, mi, ■ ■ ■ ). If we set 



I Op., 



we have 



= ^ ( -^T ( 1 m 



Mrr^ic) n\m\\dfj \di/ j m^{c) 

1 



r=t=0 

td(DT(£,£))exp(/ci(Vo(^)) - c/ch2(^)/[C]) 

n\m \ JMm^^) 

X Ch (^(g) (V^^(^)/[C2]) ® (^^(^) ® Oc(-l)/[C^]) 

Proposition 2.13. Suppose (ci, [C]) = 0. 
(1) Assume the followings: 

(a) < + ^p^oPUp + pmp, and 

(b) d + Ep>oP^P + P^P ^ 
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Then the wall-crossing term is zero, i.e., 



(2) We further assume rrip ^ for some p. Then 



Proof. (1) We note that 

V{S\> © c„ ® (1 + Xi)) = + V{c^) ® (1 + XiY. 

as the Adams operation is a homomorphism. Then the proof exactly goes as before. 

(2) Recall that M° (c) ^M(p,(c)) under (E,<l>) ^ (p,(E),<l>). Then V^^(^)®Cc(-l)/[C2] 
vanishes, since j9=k(Cc(— 1)) =0. □ 

3. Partition function and Seiberg-Witten curves 

In this section we explain an application of the vanishing theorems to Nekrasov partition 
functions. Here a reader is supposed to be familiar with |19|, [201 E] • 

3.1. Partition function. Let us fix / G Z. We define a partition function as the gener- 
ating function of integrals considered in § §2. 21 12.31 



(3.1) Zr*(5i,52,a;A,r):=^(AV 



-{r+l){e^+e2)/2^{A{c), 



X 



M{c) 



tdM(c)exp(/ci(V(^)))exp ^ Tpdi{ipP {£)/[€'']) 



,pez\{o} 



where the rank r = r(c) is fixed. Here a = (ai, . . . , a^) (X] = 0) is the vector given by 
generators of H^{pt) and ei, 62 ones of H^^^^ipt), and the integrals, more coefficients 

of monomials in r^'s, take values in the quotient field &(T) of H~{pt) as explained in §1.31 

(More precisely the quotient field of the representation ring R{T) = Z[e^'^^, e^*^^, e^"""] as 
in §2.21 since this is a if-theoretic partition function.) And the i^-theoretic slant product 

•/[C^] is defined by g2*(« ® gK^c^^)) as in g2Jl 
We have 

(3.2) f-^Y Zr\e,,e2,a;A,T = 0) = ^(a2v-('^+0(-i+«)/2)(A(c),[p2]) 

ch I (g) {r{S)/[C']f''A tdM(c)exp(/ci(V(f))). 



X 



Therefore Zl^^^{ei, 62, a; A, t) gives us integrals of any tensor products of various Adams 
operators applied to the universal sheaves. 
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We consider fixed points of tfie T-action on M(c) as in [18^ §2]: tliey are parametrized 
by r-tuples of Young diagrams Y = {Yi, . . . , Yr) with \Y\ = ^\Ya\ = (A(c), [P^]) corre- 
sponding to direct sums of monomial ideals in C[x, ?/]. The character of the fiber of V{S) 
at the fixed point Y is given by 



ch(V(f)|^)(£i,£2,5) = 5^e-5^e- 

a=l sSYq 

where a'{s), l'{s) are as in [HI §2]. We also have 



I' (s)ei — a' {s)e2 



exp(/ci(V(£^)|^)) = exp 
Therefore we have 



/ ^ ^ (a^ - l'{s)ei - a'{s)£2) 



a=l seYa 



2r„-r(ei+£2)/2\|y| 



(A^^e 



n 



Y 11 ■''o,pv"'J-' 
a,/3 



(3.3) 



X exp 



X exp 



/ ^ ^ (tta - l'{s)ei - a'{s)£2 



a=l S&a 



^pa^ {1 - (1 - e-P'^){l - e-P'^) 



-pV (s)e\—pa' {s)e2 ' 



(e^i/2_e-^i/2)(e^2/2_e-e2/2) 



where 62, a) is the alternating sum of characters of exterior powers of the cotangent 

space of M{r,n) at the fixed point Y. Its explicit formula was given in |2ni §1-2], where 
it was denoted by n^^i^iei, £2, 3.; /3), and we put f3 = 1. 
We have 



(3.4) 



Zr\e,, 62, a; A, f) = ^^(-^i, -^2, S; A, 'r 



where 'r is given by Vp = r_p. This symmetry is a simple consequence of [8| the displayed 
formula one below (1.33)], or the Serre duality. 

Let d e Z>o. We consider a similar partition function on the blow-up: 



^rM(^i'^2,a; A,f,t) := ^^(A^'-e-^^-^')^-^-)/^)^^^'^)' 

c 

tdM(c)exp(/ci(Vo(f)) - dch2{£)/[C]) 



M{c) 



^pez\{o} 

where we also fix (ci(c), [C]) = —k in this case. 



PERVERSE COHERENT SHEAVES ON BLOW-UR HI 

This is related to the partition function (13. ip by 
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(3.5) 



X exp 



(g{£i+e2)(a!-(r+0/2)^2r^(fc2)/2g(d-«/2){fc,a) 



/ I g(^l+^2 



a a / 



where l'i{ei,e2,a) is a function given in [201 (2-3)]. 

Let us briefly explain how this formula is proved. It is a consequence of the Atiyah- 
Bott-Lefschetz fixed point formula applied to the T-action on M(c). The fixed points are 
parametrized by (A;,F^,y^), where G Z'' corresponds to a line bundle 0{kaC), and Y^, 
are Young diagrams corresponding to monomial ideals in the toric coordinates at the 
C* X C*-fixed point = {[1 : : 0], [1 : 0]) and = {[1 : : 0], [0 : 1]) in P^. (See 
jl8[ §3] for more detail.) The structure of the above formula, i.e., the sum over k of the 
product of two partition functions comes from this description of the fixed point set. The 
shift of variables in the partition functions come from study of tangent bundles, universal 
sheaves at fixed points. All these are done in [181 §3], [3 §1.7], except the expression 
g-£a/2j^^_j_ ^^£a _ I'jf^ _ 1^2) appears for variables for the Adams operators. 

If we replace the Adams operator ip^ by the degree p part of the Chern character, the 
expression was given in [191 §4], where we just need to change variables as r + Eat. In 
our situation, t is multiplied by ch(Cc'(— l))|p^ = e"^" — 1 instead of e^. The factor e"*^"/^ 
appears as the 'square root' of Kq2 (g) K^^ at the fixed point Pa, since the ii"-theoretic 

slant product •/[C^] was defined as g2*(» ® qlp*{K^2^)), not as 'g2*(» ® qHK^^^))'. (We 

1 /2 

avoid K^^ , which cannot be defined.) 
We have 



ZffU^,, 82, a; A, f = 0, t) = Z'%J-e,, -82, -a; A, f = 0, 



This is proved exactly as in [HI the last displayed formula in §1.7.1] and (13. 4p . or the Serre 
duality. 
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We define the perturbation part, see [20l §4.2] and ^ §1-7.2] for more details. We set 



7^,,£2(x; A) := 



+ > -7 



n> 



^ n (e"^i - l)(e"=2 - 1) 

1 / TT^X 



+ 



6162 V 6 

£1 +£^2 



xlogA + I + 
2£ie2 V 6 



C(3) 

2^ £^ + £| + 3£i£2 
12£ie2 



log A 



for (x, A) in a neighborhood of a/~11^>o ^ ^>o- 
We define the full partition function by 



Zi{ei,e2,a;A,f) := exp 
:= exp 



Zr\e,,e2,d;A,T), 



6£:ie2 



^inst 



A,T,i). 



Using the difference equation satisfied by the perturbation terms (see [201 §4.2] and [HI 
§1.7.2]), we can absorb the factors in (13.51) coming from line bundles 0{kaC) into the 
partition function to get 

(3.6) ^ 

^i,fc,d(£i,£2,a; A,r,t) 



exp 



(4(c; + /(-V2 + V.)) -r)(r-l) , kH ^ , 



48 



{i}-- 



X Zi{ei-e2,e2,d + e2t,e'^r{'^+i l + r) 2}A,e'^' 



T^e 2 (x + (e' 



£2 



l)i)), 



where I runs over the set {I = {la)a=i ^ Q'' \ J2^a = 0, la = — fc/r mod Z}, and e''^"^^' -k t 
is defined as 



We shift from the previous k to I by la = — k/r. The effect of this shift was calculated 
in [HI (1.36)] when r = t = 0, and we have used it here. And comes from 

C(/cq,C) = 0{{la + k/r)C). The part is absorbed into the shift a + Sal, but we need the 
remaining contribution from k/r. 

Remark 3.7. We do not make precise to which ring the full partition functions belong, 
as a function in A. We just use them formally to make a formula shorter as above. 



PERVERSE COHERENT SHEAVES ON BLOW-UP. HI 25 

This applies all formulas below until they (more precisely their leading coefficients) are 
identified with one defined via Seiberg-Witten curves, which are really functions defined 
over an appropriate open set in A. 

3.2. Regularity at £1 = £2 = 0. We assume < Z < r hereafter. 
Theorem 12.11( 1) means 

(3.8) Zi,o,d(ei,£:2,a; A,r = 0,r= 0) = Z/(ei, £2, a; A, r = 0) 

for < d < r. This was conjectured in P, (1.37)]. Combined with (13. 5p . we see that 
coefficients of Z™^*(ei, 82, a; A, r = 0) in A" are determined recursively if the above holds 
two different values of d, as explained in [19l §5.2]. The equation (13. Sp . the left hand 
side replaced by (13. 6p . is called the blow-up equation. It gives a strong constraint on the 
partition function Z{ei,e2, a; A, r = 0). 

As an application, in [loc. cit.. Prop. 1.38] we proved the foUowings under [loc. cit., 
(1.37)]: 

(3.9) Zl'''\ei,-2ei,a;A,T = 0) = Zi'''\2ei,-ei,a;A,T = 0) if / ^ r, 

(3.10) 6162 log Zi{ei, 62, d;A,T = 0) is regular at ei = £2 = 0. 

(More precisely only the proof of (13. 9p was given in [loc. cit. ,(1.37)]. The proof of (I3.10p 
was omitted since it is the same as [20i Th. 4.4].) 

Remark 3.11. Though it was not stated explicitly in [loc. cit.], the second assertion holds 
even if / = r. On the other hand, the first one follows from (13.80 for d and r + 1 — d, which 
must be different. Therefore / 7^ r is required. 

Let us apply the same argument to Proposition 12. 13[ We expand Z™*^* as before: 



(3.12) Zr\e^,e2,a;A,T) = ff ^^^"^^(^i' ^2, a; A) 

with n = (■ ■ ■ , n_i, ni, ■ ■ ■ ). Thus 



Zr\ei,e2,3;A) = - (—j Zr\eue2,S- A,t = 0). 
By Proposition 12.131 we have 
(3.13) f— _) Zz,o,d(£i,£2,a;A,f=0,r=0) = 



.dt. 

if n is nonzero and satisfies 

(3.14) — y~^p?T-p < d < r — y^^prip. 

p<0 p>0 

After substituting (13. 6p to the left hand side, we also call this as the blow-up equation. 

For simplicity we assume n is supported on either Z>o or Z<o, i-e., Up = for any j9 < 
or np = for any p > 0. We say n is positive in the first case, and negative in the second 
case. 
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We define '\ogZ{ei,e2,a; A,fy as follows. Since the perturbative part is already the 
exponential of something, we only need to define 'logZ™*^*'. Then observe that 



A,r)=exp 

\ p,a ^ ' ^ 



x(l + 0(A)). 



Therefore logZ™*"* can be defined as the sum of ^ ^pe'"'"/(e=i/2-e-^i/2)(e^2/2_e-'=2/2) and a 
formal power series in A. 

Proposition 3.15. (1) Suppose that n satisfies the followings: 

(a) If^Up is odd, -(r + l)/2 < Y.p<qP^p {negative case) or '}2p>oP^P < {r - 0/2 
{positive case). 

(b) // '^^ even, the strict inequality holds. 

Then 

Zri{ei, -2ei, a; A) = Zfi{2ei, -ei, a; A). 
(2) If —r < J2p<oP^p {negative case) or J2p>oP^p < ^ {positive case), 



df 



£i£2\t7z] logZ;(£:i,£:2,a; A,f = 0) 



is regular at Si = 62 = 



Proof. Since the proof of (2) is the same as that of (IS.lOp . we only prove (1). 
We expand Z™*"* as 



£2, a; A, r) = ^ Z;v(£i, ^2, a, r)K 



2rN 



N=0 



Note that 



Zo{ei,e2,a,f) = exp 



p,a 



oPO.a 



Therefore the assertion is true for Zq. We prove the assertion by the induction on A^. 
We further expand as 

Zn{£i, £2, ^) = n 'Tp''ZN,n{£i,£2, a) 

n p^O 

as in (1312|) . 

Fix n and and consider the coefficient of A^''^]^rp^ in (13.51) . Setting 62 = —£i, we 
have 







(3.16) 



E 



4)E"2,p 



{k,k)/2+Ni+N2=N 
ni+n2=n 



,(d-l/2){k,d)JN^-N2){d-{r+l)/2)e^ 
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if 72 7^ by the blow-up equation ( (13. 131) and f l3.5p ). Here the summation is over k, r?i, 
n2, Ni, N2 and we write n2 = (■ ■ ■ , ^2,-1, '^,2,1, ■ ■ ■ )• We assume 

— y^^prLp < d < r — y^^prip. 

p<0 p>0 

We suppose that the same equality holds for r + I — d. So we assume 

/ + y^^prip < d < r + I + 'y^^pUp. 

p>0 p<0 

By our assumption, there exists d satisfying both inequalities, e.g., we take d = r — 
^p^gpnp in the positive case, r + I + Ylip<oP^p negative case. Moreover, we may 

assume d 7^ (r + /)/2 if ^ rip is even. 

Substituting r + 1 — d into d in fl3.16p . and replacing k by — fc, (A^i, N2) by Ni) and 

(ni,n2) by (^2,^1), we get 

E {d-l/2-r)(k,d) {N^-N2){d-{r+l)/2)e^ /; 
(-1)^"^-^ exp ( - 

— ^ — * 

Note 

„r(fc,a)/2 „~r(fc,a)/2 



by [201 Lem. 4.1 and (4.2)]. Note also that Xl'^i.p = Xl^p ~ ^^^2,^ and hence we can 
replace (— l)J^"i>p by (— l)J^"2>p in the above formula. Then the only difference of the 
above two equations are variables for Z^r-^ j^^ and Zjy^^fi^. By the induction hypothesis 
those are also equal if Ni, N2 < N. Therefore we have 

0= Yl (-l)^"^'''(e^^'"^^+'^/'^'^^iVA(^i,-2ei,5)^o,n,(2£i,-£i,a) 

+ e-^('^-(^+')/^)-Zo,,,(£i, -2.1, a)Z^,,,(2.i, -e„ d) 

- e^('^-('-+')/2)^^Z;vA(2ei, d)Z,^nM, -2^1, a) 

- e-^('^-(^+')/2)^^Zo,^,(2£i, a)Z^,^,(£i, -2^1, a) 



(3.17) 



^ (_l)En.,. U(^-('-+0/2)..^^^^.^(2.i,-ei,a) 



X {Z7v,rii(£^i, — 251, a) — .^Ar,,ji(2ei, — £1, a)} 
+ e-^('^-(^+')/2)-Zo,,,(ei,-2.,,a) 

X {^Af,n2(2£^l, —£^1, a) — ■^Af,n2(^l) "251, a)} 

if n ^ 0. 

We now prove the assertion by induction on n. The case n = is treated already in 

(BSD. 
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Now we assume that the assertion holds for smaller n. Note that the assumption on n 
implies that on smaller ones. Then the only remaining terms in f l3.17p are either rii = 
or ?22 = 0. Therefore we have 

= (eA^(^-('-+0/2).. _ (_i)En.,-A^(<.-(.+0/2)..) ^z^^^^e,, -2e„ a) - Z^,^{2e„ -e„ a)} . 

Hence we have the assertion for Z^^fi. Note that we take d (r + /)/2 when ^ Hp is even, 
so the above is a nontrivial equality. □ 

Remark 3.18. We need the vanishing fl3.16p for the case when ^ Up is odd, but it is enough 
to suppose that the right hand side of f l3.16p is the same for d and r + 1 — d when ^ Hp is 
even. In particular, if we use (13. 8 p instead of fl3.13p . the above argument works even for 
n = 0. This is nothing but the proof of (13. 9p in [8j. 

3.3. Contact term equations. We expand as 
€ie2\ogZi{ei,e2,d;A,f) 

= Fo{a; A, r) + (^i + e2)H{a; A, r) + eie2A{a; A, f) + 



where we only consider (i9/9f')"'| applied to this function, with r in the range in 
Proposition 13.15( 2) so that singular terms do not appear. 

By (13. 9p H{a; A, r = 0) comes only from the perturbative part. Thus we have H{a; A, r = 
0) = ~7iy/—l{a, p), where p is the half sum of the positive roots. More generally by Propo- 
sition EUSl^l) we have 

3 \ „j 



dr 



H{d]A,T 







if n satisfies the condition there. 

We introduce a new coordinate system for a by a* = ai + a2 + ■ ■ ■ + {i = 1, 
as in [iHl §1]. We also define fc* for k in the same way. 

Let 

(3.19) r, = - 1 9'^o(a;A.f-°). 

Let &e{C,\t) be the Riemann theta function defined by 

OEi^\T)= Yl exp(7rv^5^r,,FA;^ + 27rv^^F(f + i) 



,r-l) 



We substitute (13. 6 p into the left hand side of (13. 8p . and take the limit of 61,62 — 0. 
Using if (a; A, r = 0) = — 7r-\/^(a, p), we obtain 



exp(i? — A) = exp 



— ^ U- 



r + / 



(91ogA)2 



X 



1 



27^^/^2r 



d 



r + I 



d log Ada 



for < d < r as in [201 §4]- Here Fq, A, B are evaluated at (a; A, r = 0). 
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In particular, the right hand side is independent of d. Dividing by the expression for 
d = (r + Z)/2 (if r + Z is even), d = {r + I — l)/2, (if r + Z is odd), we have 



(3.20) 



r+l \ d^Fo ^ 
d log Add 



eE{o\T 



r+l \ d'^Fo 

d log Add 



1 



d log Add 



T 



exp 



exp 




(91ogA)2 



4 {dhgAy 



according to either r + Z is even or odd. This equation is called the contact term equation. 
This equation determines Fo(a; A,r = 0) recursively in the expansion with respect to A, 
starting from the perturbation part. 

Here we remind again that our full partition function, and hence Tij and 6_b(^|t), etc, 
do not have the rigorous meaning. (See Remark 13.71 ) The rigorous form of the contact 
term equation is given by rewriting it as an equation for the instanton part. This was 
given in [18| (7.5)], for the homological version of Nekrasov partition function, but we do 
not give here since it is not enlightening. 

Similarly as the limit of fl3.13p . we obtain 



(3.21) = -^{d- 



r + I 



d 



d 



2 J Slog A \dT 
d\og<dE 



Fo(a;A,f =0) 



2n^ 



r+l 

2 7 Slog ASS 



|^(iL,f„(5;A.,.0) 



when n is nonzero, either positive or negative and satisfies f l3.14p and f l3.15l) (l)(a).(b). We 
call this as the contact term equation for ((9/(9r)"Fo. This derivation of the contact term 
equation from the blow-up equation can be done in the same way as in [191 §5-3]. 

Since d\ogQE/dC is divisible by A, this equation determines {d/drYFQ recursively in 
the expansion with respect to A starting from the constant term: 



(3.22) 



(iL)V-A^O.f^O)^(|.)"E 



paa 



r,A=0 



Y.a ^^"^ Ia=o if '^p = 1 and = for g 7^ p, 
otherwise. 



In particular, we have 



^) Fo(a;A,f =0) =0 



unless Up = 1 and = for q ^ p. The remaining dFo/dTp will be determined in the 
next subsection. 
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Since higher derivatives vanish, we have 



£l=£2=0 



Zi{eue2,a]K,T = 0) 

^ng(.A,.-o,)' 

By ( 13. 2 p this is equal to 
(3.23) ^ rVfA' 



^2rg-(r+0{el+£2)/2^(A(c),[p2]) 



Z;i-t(£i,£2,a;A,f=0) 

ch ( (g) (^^(£:)/[0])®"'' ) tdM(c)exp(/ci(V(£:))) 



X 



A/(c) 



ei=E2=0 

where ./[O] is the slant product g2*(» ® gi*(Co)) = (e^^/^ - e-^i/2)(^g£2/2 _ e-e2/2) . /[(^2j 
with the skyscraper sheaf Co at the origin, which is nothing but the restriction to the 
origin. 

3.4. Seiberg-Witten prepotential. We give a quick review of the Seiberg-Witten pre- 
potential for the theory with 5-dimensional Chern-Simons term in this subsection. See |8l 
App. A] for more detail. (We change the notation slightly: m in [loc. cit.] is our /. is 
our aa- (3 is set to be 1.) 

We consider a family of hyperelliptic curves parametrized hj U = {Ui, . . . , Uj—i): 

C^^^ : = P{Xf - 4(-X)'-+'A2^ 

P{X) = + f/iX'-i + U2X'-^ + ■■■ + Ur-iX + {-ly 

for —r<l<r,lE'Z. Note that we set /3 = 1 from [loc. cit.] for brevity. We call them 
Seiberg-Witten curves. We define the Seiberg-Witten differential by 

27rv^ ^ 2XY 

We choose (a = 1, . . . , r) so that Xa = e~^^^" are zeroes of P{X) = 0. Then we 
take the cycles Aa, (a = 2, . . . , r) in a way explained in [loc. cit.]. 
We define a^, by 

tta = dS, = / '^'5'. 

We then invert the role of and Up, so we consider as variables and Up are functions 
in Oq. Here we use = —y/—lza + 0(A) [loc. cit., (A.l)]. 

Then one can show that there exists a locally defined function J-'o = J-'oici; A) such that 



This defines J-q up to a function (in A) independent of a. This ambiguity is fixed by 
specifying dJ-'o/d\ogA and the perturbation part of J-q. See [loc. cit.] for detail. 
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It was proved in [loc. cit., (A. 27), (A. 33)] that J-q satisfies the contact term equations 
f l3.20p where the period matrix (r) is defined by the same formula as fl3.19p by replacing 
Fq by J-Q. Moreover, it was also proved that J-q has the same perturbation part as Fq 
[loc. cit.. Prop. A. 6]. Therefore the recursive structure of f l3.20p implies that J-q = Fq, 
i.e., the leading part of the Nekrasov partition function is equal to the Seiberg-Witten 
prepotential. 

In [loc. cit., (A. 25)], it was proved 



(3 24) = 1 + ^ ^dhgQE 

^ ■ ' 2r91ogA 271^/^^ di^ 



-Ir d log Ada 



under the assumption r + / is even. This is the same as the equation (I3.2ip with d — {r + 
l)/2 = ±1. When r + / is odd, we assume that Up satisfies f l3.2ip with d = (r + / + l)/2 
for a moment, and gives a proof later. 



The initial condition for Up is 



Up = (-l)%(Xi, ...,Xr) = (-l)%(e"i , . . . , at A = 0, 

where Cp is the p^^ elementary symmetric polynomial. Noticing that ( I3.2ip holds for 
polynomials in dFo/drp, we see that {—lyUp and dF^/drp are related exactly in the same 
way as an elementary symmetric polynomial and a power sum by fl3.22p . 



Theorem 3.25. 

dFo^ 
dTp 



a; A, f = 0) = Xf + ■ ■ ■ + XP 



holds for -{r + I)/ 2 <p< (r-/)/2. 

Note that all t/p's are written by polynomials in ^{d ; A, r = 0) in the above range, 
as Xi ■ ■ ■ Xr = 1. Thanks to fl3.23p the polynomials can be replaced by those in Adams 
operators. We thus have 

TT - (~^)^ V^/A2r -(r+0(ei+£2)/2A(A(c),[p2]) 



X / ch(A"(^/[0]))tdM(c)exp(/ci(V(£))) 

'm(c) 



£l=£2=0 



for < p < {r — 0/2- For (r — /)/2 < p < r, the equation holds if we replace 

by /\'^~^(£^/[0])^. This equation gives a moduli theoretic description of the coefficients Up 

in the Seiberg-Witten curves. 

It remains to show that Up satisfies fl3.2ip with d = (r + / + l)/2 in the case r + / is odd. 
Let us give a sketch of the argument. We use the notation in [loc. cit.], e.g., E{Xi,X2) 
is the prime form, Co'oo+-o_ is the meromorphic differential with the vanishing A-periods 
having poles 0_ and oo+ of residue —1, +1 respectively, etc. 
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By [U Cor. 2.11] we have 
^2 (1 r^x 



Q|(|/o-+oo+^) ^(0-.oo+) 
e|(i/„°:+a;) E(X,0_)E(X,oo+) 

By [loc. cit., (A. 18)], we have 

(P(X) - Y)dX 1 ^ dUp X'-P-^dX _ 

2XY 2^^dh^ Y -^oo+-o_(^)- 

p=i 

Therefore it is enough to show 

{P{X)-Y)dX 0|(|/o'_''+oo+^) ^(0_,oo+) 



(3.26) 



2Xr ©Kl/o"''^) E{X,0_)E{X,oo^ 



As in [loc. cit., §A.7] we take the branched double cover p: Cjj ^ — > ^ given by 
W ^ X = W'^. It is given by 

(3 27) V y V y 

= {P{W^) - 2(v^l^)"+'A") {P{W^) + 2(v^W^)"+'A0 . 



We consider the Szego kernel for Cfj j given by 



6^(0)^(1^1,1^2) 



where 9^ is the Riemann theta function for the curve C^^. As in [loc. cit., the first two 
displayed formulas in §A.6] we have 



W2=oo-( 



From the defining equation f l3.27p of the double cover, this has zero of order 2(r + /) at 
0+ and of order 2(r — / — 1) at oo_. Therefore 

dive^(Vr-cx)+) = (r + /)-0+ + (r-/-l)-cx)_. 

(See in pp.16, 17] for basic properties of E{Wi, W2).) 

If we identify the half-integer characteristic E with a vector in C^^"^ so that 6^(0 = 
— E), we have 

(3.28) E = (r + /) ■ 0+ + (r - / - 1) ■ oo_ - 00+ - A, 

where A is the Riemann's divisor class ([4, Th. 1.1]). 
By [loc. cit., Lem. A. 32] we have 

(3.29) E=p*E- [0,c„0], 
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where p* : Jo{Cjj i) MC^ i). 
On the other hand, we have 



(3.30) A-p*A = 0_ + oo_+p* ^u^+[0,c,,0] 



by H Prop. 5.3]. 

From f l3:28]l3.29y3.30p we get 



00_i 



^ r+l -1 r -I -1 1, ^ , 

E = 0+ + cx)_ - 0_ - - / a; - A, 

2 + 2 270. 

where we have used 0+ — oo_ = oo+ — 0_. Therefore Qe{^ Io^+oo+ '^^ order 

(r + / - l)/2 at 0+, and of order (r - / - l)/2 at cx)_ again by Th. 1.1]. 

On the other hand, the left hand side of (13.261) has zero of order r + / — 1 at 0+, and 
of order r — / — 1 at oo_. Both sides of (13.261) have poles at 0_, oo+ with residues —1, 1 
respectively. (See ^ Cor. 2.11].) Therefore we have (13.261) . 

Although it is not necessary, let us also sketch how to prove (I3.2ip for more general d. 

We first assume r + / is even and generalize (13.241) as 



(3.31) 



d dUp 1 ^dhgQE 



2rd\ogk 27rv/^^ <9^' 



4:TvW — lr SlogAOa 



for \d\ < (r — /)/2. This equation is nothing but (I3.2ip with d — (r + /)/2 replaced by d. 
In terms of the d in (13.211) . the condition is / < d < r. This is exactly one under which 
we have proved (I3.2ip for all p from the vanishing theorem. 

To show (I3.3ip we use [loc. cit., the first displayed formula in §A.6.2], which is [H 
Cor. 2.19 (43)]. We replace d hj d + 1 and take xq = X, yo = X', xi = ■ ■ ■ = Xd = 0_, 
yi = ■ ■ ■ = yd = 00+. We then get 



S,iO)E(X,X') [E(X,a.,)E((,_,X')) M^«'-.-+) V«i 



VdX2 




Xi=0 X2 


X2 = oo/ 



^ _ ^Ei0-,X')^EiX,OO^)l-iX/Xr 

' ' ^£;(0_,OO+) 1-{X/X')- 



This is proved exactly as in [loc. cit., §A.6.2], so the detail is omitted. We multiply both 
sides E{X,X'), differentiate with respect to X' and set X' = X. We get 



r 



(3.32) — — {d I uj)uJa{X) + dxujoo+-o^{X)=d- 



a=2 



d^a ' Jo. ' ' ' o.,-u_v^^. vl/^(0_,oo_ 



as in p3| Illb §3, p. 226]. When d = 1, this is nothing but [loc. cit., (A. 24)]. From the 
argument in [loc. cit., §A.6.1] we get (I3.3ip . 

We next consider the case r +/ is odd. We take the branched double cover p : C*^ ^ — )■ ^ 
given by I— )■ X = W'^ as before. Then r, / become 2r, 21 for C^^, and hence we have 
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f l3.32p for with d replaced by 2d: 



ae J«- " *i;(o_,oo+) 

where we take cycles A^, Ba, A*, -B*, -B^ as in [loc. cit., §A.7] and the corresponding 
coordinates C,a, '^^ J^i^u d- '^'^^^ holds if \d\ < (r — l)/2 as above. The right hand 

Side IS 

2^ 2WY = \ 2XY J 

as [loc. cit., the second displayed equation in §A.6.1]. We also have 

C^oo+-0_(W^) = ^P*Woo+-0_(^) 

by definition. 

On the other hand, we rewrite the theta function 0^ by 6^; by using [loc. cit., (A. 29) 
and the second displayed formula in p. 1105]. We then get 

1 >A r moge^ 1 /•°^+ 9ioge^ 



(P{X)-Y)dX 
+ dx Woo+-o_(X) = d^ ^ ^ ^ 



2XY 
From this we get 

d dUr, 







2r d log A 



1 1 / SlogGg 

^-^1^2 



2ttV^ ^ 2 I d^' 



^ aiogGs 



^ 47rv^r 9 log ASS 



^ 47r\/— Ir dlogAda 



as in [loc. cit., §A.6.1]. This is nothing but the sum of ( I3.2ip for d replaced by + (r + 
Z + l)/2 and d + {r + I — l)/2. Since we have already proved ( I3.2ip for (r + / — l)/2, we 
have ^?2T\f for I <d<r. 

4. Quiver description 



In this section we review the result of [21] , rephrase that of [22j in the quiver description, 
and add a few things on Ext-groups. 

4.1. Moduli spaces of m-stable sheaves. We take vector spaces Vq, Vi, W with 
r = dim W, (ci, [C]) = dim Vq - dim Vi, (cha, [P^]) = -^(dim Vq + dim V^i). 
We consider following datum X = {Bi,B2,d,i,j) 
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• Bi, B2 e Hom(V^i, Vo),de RomiVo, Vi), i e Rom{W, Vq), j e Hom(Vi, W), 



Bi,B2 




w 

• fi{Bi,B2,d,iJ) = BidB2 - B2dBi + ij = 0. 

Let Q := fJ'^^iO) be the subscheme of the vector space Hom(Vi, Vq)®^ © Hom(Vo, Vi) © 
Hom(iy, Vq) © Hom(Vi, W) defined by the equation = 0. It is acted by G := GL(V'o) x 



LetC = (Co,Ci)eQ2. 

Definition 4.1. We say X = {Bi, B2,d,i,j) is (-semistable if 

(1) for subspaces 5*0 C Vq, S'l C Vi such that Ba{Si) C Sq {a = 1,2), d{So) C Si, 
Keij D S'l, we have (0 dim Sq + Ci dim Si < 0. 

(2) for subspaces Tq C Vq, Ti C Vi such that B^iTi) C Tq (a = 1,2), diT^) C Ti, 
Imi C To, we have Co codimTg + Ci codimTi > 0. 

We say X is (.-stable if the inequahties are strict unless (So, S'l) = (0,0) and (To,Ti) = 
(Vo, K) respectively. 

We say Xi, X2 are S -equivalent when the closures of orbits intersect in the C-semistable 



By a standard argument, we can see that these come from quotients of Q by G in the 
geometric invariant theory. We only explain the result, see [TO] for detail. 

Let X'- G ^ £-* he the character given by x(fl') = det (/q det (7^"''^ where we assume 
(Co) Ci) £ by multiplying a positive integer if necessary. We have a lift of G action on 
the trivial line bundle Q x C given by {Bi,B2,d,i,j,z) = {g ■ {Bi, B2,d,i,j),x(yg)z). Let 
denote the corresponding G-equivariant line bundle. Then we can consider the GIT 
quotient 



where A{Q)^'"' is the relative invariants in the coordinate ring A{Q) of Q: {/ G A{Q) \ 
f{g ■ X) = x((7)"/(X)}, which is the space of invariant sections of L®". Then is 

the quotient of ^-semistable locus modulo S'-equivalence relation. It contains of the 
quotient of ^-stable locus modulo the action of G. 

We have a natural projective morphism n: ^^^{0)//G, where fi~^{0)//G is the 

affine geometric invariant theory quotient of /i~^(0) by G, i.e., Mq. By [211 §1-3] /i^^(0)/G 
is isomorphic to Mq, the Uhlenbeck partial compactification on P^. 
Now the main result of [2T] says 



g ■ {Bi,B2,d,i,j) = {goBig^ \goB2g1 \gidgo \gohjgi ^)- 



locus of Q. 
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Theorem 4.2. Let m G Z>o. Suppose that (q < 0, > m(o + (m + ^ —1. Then 
we have = and it is bijective to the set of isomorphism classes of m- stable framed 
sheaves on P^. 

We use this resuh as^e definition of the moduh scheme of m-stable framed sheaves in 
this paper. Therefore wiU be denoted by (or M'^(c) when we want to write the 
Chern character of sheaves) hereafter. It was proved in [21 . 2.4] that (a) dfi is surjective 

and (b) the action of G is free on the (^-stable locus. Therefore is a smooth fine moduh 
scheme. 

The construction is given as follows: We consider the complex 



(4.3) 



Vi ® Oi-i 



© 

-> © © c 



Vo © 0(£oo) 

© 

Vi(g)Oi-C + £j 



with 



a 



Z ZqBx 
W Z0B2 

zi — zodBi 

Z2- zodB2 
zoj 



Z2 -zi B2Z0 -Bizo izo 
dw —dz w —z 



The equation n{Bi,B2,d,i,j) = BidB2 — B2dBi + ij = is equivalent to f3a = 0. The 
stability condition ensures the injectivity of a and the surjectivity of /3. Then the sheaf 
corresponding to {Bi,B2,d,i,j) is defined hj E = Ker/3/Ima. By the definition it is 
endowed with the framing E\i^ — )■ 1^ © Oi^. The ^-stability is identified with the m- 
stability. 

The inverse construction is given by 

Vo := H\E{-i^)), := H\E{C - l^)), 

and Bi, B2, d, i, j are homomorphisms between co homology groups induced from certain 
natural sections. 

From this construction Vq, Vi naturally define vector bundles over M"^, which are 
denoted by Vo, Vi respectively. The above a, /3 in (14. 3 p are interpreted as homomorphisms 
between vector bundles and the universal family S is given by Ker /3/ Ima. 

When we prove that the ^-stability corresponds to the m-stability in Definition II. 1^ 
it is crucial to observe that the sheaf Oc{—m — 1) corresponds to the datum Vq = C™, 
Vi = C"'+\ W = 0, d = and 



Bl = [im 0] 



Bo 



Ir 



where 1^ is the identity matrix of size m. We denote this datum by Cm as above. 
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4.2. Tangent complex. From the construction the tangent space is the middle coho- 
mology group of the complex 

Hom(Fo,^i) 



(4.4) 



with 



Hom(K),K,) 

e 

Hom(l/i,1/i) 



^®Hom(Vl,Vo) 

© 

Rom{W, Vo) 

© 



dfj, 



> Hom(Vl,Fo; 



-82^1 — ^0-82 

-j6 





' d' 






[dfi) 


Bj 




i 







BidB2 + BidB2 + BidB2 
- B2dBi - B2dBi - B2dBi 
+ ij + 



where dn is the differential of n, and l is the differential of the group action. Remark that 
dn is surjective and l is injective by the above remark if X is ^-stable. 

4.3. A modified quiver. We fix the vector space W with dim 14^ = r 7^ 0. We define a 
new quiver with three vertexes 0, 1, 00. We write two arrows from 1 to corresponding 
to the data Bi, B2, and one arrow from to 1 corresponding to the data d. Instead of 
writing one arrow from 00 to 0, we write r-arrows. Similarly we write r- arrows from 1 to 
00. And instead of putting at 00, we replace it the one dimensional space C on 00. 
We denote it by Voo- It means that instead of considering the homomorphism i from W 
to Vq, we take r-homomorphisms ii,i2,- ■ ■ , ir from Voo to Vq by taking a base of W. (See 
Figure H) 




00 



Figure 2. modified quiver 

We consider the full subcategory of the abelian category of representations of the new 
quiver with the relation, consisting of representations such that dimV^ = or 1. An 
object can be considered as a representation of the original quiver with dimly = 0, or 
dimpy = r, according to dim = or 1. Note that we do not allow a representation of 
the original quiver with dimiy 7^ r, 0. 

It is also suitable to modify the stability condition for representations for the new quiver. 
Let (Co;Ci;Coo) G Q^- For a representation X of the modified quiver, let us denote the 
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(4.5) 



underlying vector spaces by Xq, Xi, X^o- We define the rank, degree and slope by 
rank X : = dim Xq + dim Xi + dim Xqo , 
( ■ dimX := dimXo + Ci dimXi + (^o dimXoo, 

_ C -dimX 
^^^^ - rankX ' 

where ^(X) is defined only when X 7^ 0. We only consider the case dimXoo = or 1 as 
before. We say X is 6-semistable if we have 

e{s) < e{x) 

for any subrepresentation 7^ 5 of X. We say X is 6-stahle if the inequality is strict 
unless 5" = X. If 6{X) = 0, 6*- (semi) stability is equivalent to C- (semi) stability. In fact, if a 
subrepresentation S has Soo = 0, then 9{S) < is equivalent to Co dim Sq + Ci dim 5*1 < 0. 
If a subrepresentation T has Too = C, then 9(T) < is equivalent to CocodimTo + 
Ci codimTi > 0. 

The 6'-stability is unchanged even if we add c(l, 1, 1) (c G M) to {(q, Ci, Coo)- Therefore 
once we fix dimXo, dimXi, dimXoo, we can always achieve the condition ^(X) = 
without the changing stable objects. 

4.4. Wall-crossing. Let us fix a wall {C | ^Co + (^ + l)Ci = 0, Co < 0} and a parameter 
C*^ = (Co, Ci ) from the wall. We take C"*", C~ sufficiently close to C*^ with 

1 > mCo^ + (m + l)Ci+ > 0, -K mCo + (m + l)Cr < 0. 

(See Figure [31) Then C~ is nothing but the parameter C appeared in Theorem 14.21 corre- 
sponding to the m-stability. On the other hand, we also know that C^ corresponds to the 
(m + l)-stability by the determination of the chamber structure in [211 §2]- 

Ci 



Co + C: 



"^Co + {m + l)Ci 




Figure 3. wall-crossing 

Let us define the scheme M*"'™"*"^ as the GIT quotient M^o with respect to the C°- 
semistabihty. 

From [21] it follows that is the S'-equivalence classes of (m,m + l)-semistable 

sheaves set-theoretically, where 

Definition 4.6. (a) A framed sheaf {E, $) on is called {m,m + l)-semistable if 
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(1) Hom(E, Oc{-m - 2)) = 0, 

(2) Hom(Cc(-m),E) = 0, and 

(3) E is torsion free outside C. 

(b) A framed sheaf {E, $) on is called (m, m + l)-stable if it is either Oci—m — 1) 
(with the trivial framing) or both m-stable and (m-l-l)-stable, i.e., we have Hom(ii^, Oc{—itl)) = 
and Rom{Oc{-m),E) = instead of (1),(2). 

(c) A (m, m + l)-semistable framed sheaf {E, $) has a filtration {0 = E'^ G E^ G ■ ■ ■ G 
E^ = E) such that E^ / E^~^ is {m,m + l)-stable with the induced framing from $. We 
say {m,m + l)-semistable framed sheaves (E,^) and (£",$') are S-equivalent if there 
exists an isomorphism from @^E^ / E^~^ to ^-E'^/E'^^^ respecting the framing in the 
(m, m + l)-stable factors. 

The main result [211 Th. 1.5] was stated for m-stable framed sheaves, but it can be 
generalized to the case of {m,m + l)-stable framed sheaves. It follows from Proposi- 
tions 4.1,4.2 there that X is (^*^-semistable if and only if it satisfies the condition (S2) in 
[loc. cit., Th. 1.1] and the condition corresponding to (al-2) above. Then the remaining 
arguments are the same. 

Since C^-stability implies C*^-semistability, we have natural morphisms '■ M"^ — )■ 

^m+l _^ ^m,m+l _ rj.^^^ ^ ^-^^ ^m,m+l ^^^^ diagram 0. 

This definition of M™'™'"'"^ is different from what are given in [22] for ordinary moduli 
spaces without framing, but they are the same at least set-theoretically thanks to the 
construction in [loc. cit., §§3.6,3.7]. It is also possible to show directly that iti have 
structures of stratified Grassmann bundles described there. 

From the definition it is clear that compatible with projective morphisms 

M'" ^ Mo, M™'™+i ^ Mo, M'"+^ ^ Mo, (all denoted by tt before). 

The change of the moduli spaces under the wall-crossing is described as follows: 

Proposition 4.7 ([221 3.15]). (1) If (E^,^) is m-stable, we have an exact sequence 

O^V^Cm^ E- ^ E' ^0 

with V = Hom(Cm, E~) such that 

(a) E' is {m,m + 1)- stable, and 

(b) the induced homomorphism V — )■ Ext^(-E",Cm) is infective. 

Conversely if {E',^) is {m,m + l)-stable and a subspace V G Ext^(E',Cm) is given, 
[E~,^), defined by the above exact sequence, is m-stable. 
(2) // {E~^, $) is {m + 1) -stable, we have an exact sequence 

^ E' ^ E-^ ^U^ (»Cm-^0 

with U = B.om{E'^ , Cm) such that 

(a) E' is {m,m -\- 1)- stable, and 

(b) the induced homomorphism — )■ YjyA} [C mi E') is injective. 

Conversely if (E',^) is (m,m + l)-stable and a subspace f/^ C Ext^(Cm, E') is given, 
(£'"'",$), defined by the above exact sequence, is (m + l)-stable. 
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4.5. Computation of Ext-groups. In this subsection, we continue to fix a wall m(f) + 
(m + l)Ci = 0, Co<0. 

Take X = {Bi,B2,d,i,j) defined on Vq, Vi, W such that fi{Bi,B2,d,i,j) = 0. We 
consider the complex 



(4. 



with 



Hom(K), C'") 

© 

Hom(V"i,C™+i; 



Hom(\/o,C'"+i) 

© 

:2 ® Hom(vi,e 

© 



Hom(V^i,e 



T 



6 
6, 

' d 

Bj 

i 



iid 

^qBi - [in, o]^i 

^0^2 - [O l^j^i 



[ im ] dB2 - [ i„, ] dBi + ij + BidB2 - B2dBi. 



This complex is constructed as follows. We take the dual of (14.31) . and replace the part 

C2 © I/q* © O Vo* © 0{-C + i^) by I/q* ® C'(C - £oo). We then take the tensor 

product with Cm and apply if*(P^, •). Therefore when X corresponds to a framed sheaf 
{E, $), the cohomology groups of the complex are Ext*(i?, Cm)- 

Lemma 4.9. Suppose that X corresponds to a framed sheaf [E, $). 

(1) Hom(E,C„) = Kera, Ext\E,Cm) = Kerr/Imcr, and Ext\E,Cm) = Cokerr. 

(2) Suppose further that X is {m,m + l)-semistable. Then t is surjective. 



Proof. (1) These are already explained. 

(2) By the Serre duality we have Ext^(i?,C„ 
side vanishes if E is (m,m + l)-semistable. 



B.om{Cm-i, E)'^ . But the right hand 

□ 



If X is ^"-stable (i.e., (E,^) is m-stable), we also have Ker cr = 0. But this does not 
hold in general if X is only (m, m + l)-semistable. 
Next we consider the complex 



(4.10) 



Hom(C"*,\/o) 

© 

Hom(C'"+\ 14) 



Hom(C'", Vi) 

© 

C2©Hom(C'"+i,K)) 

© 

Hom(C'^+\iy) 



Hom(C'"+i,\/o) 
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with 



'Co 

' d' 

Bj 
j 



Bid[u 



B2d[o im + BidB2 - B^dB^ 



Lemma 4.11. Suppose that X corresponds to a framed sheaf {E, $). 

(1) Hom(C„,E) = Kera, Ext^(C„,E) = Kerr/Ima, and Ext^(C^,E) = Cokerr. 

(2) Suppose further that X is {m,m + l)-semistable. Then r is surjective. 

Proof. The proof of (1) is the same as in Lemma [4. 9[ so is omitted. 

(2) We have Ext'^ {Cm, E) ^ Hom(E, C^+i)^ by the Serre duahty. But the right hand 
side vanishes if E is {m,m + l)-semistable. □ 

If X is (^"""-stable (i.e., {E, $) is (m + l)-stable), we also have Ker o" = 0. But this does 
not hold in general if X is only (m, m + l)-semistable. 

Corollary 4.12. LetQ^^{(^) be the open subscheme of Q consisting of ('^-semistable, i.e., 
{m,m + l)-semistable objects. The differential dji is surjective on Q^^{C). Hence Q^^{C^) 
is smooth. 

Proof. Since the surjectivity of d/i is an open condition, it is enough to check the assertion 
when X is a direct sum of C°-stable objects. As explained in Definition 14. 6^ we have 
X = X°©C®^, where X° is C°-stable with Xoo ^ and p > 0. Then the tangent complex 
(14. 4p decomposes into four parts, the tangent complex for X^, the sum of p-copies of the 
complex (14.81) for X^, the sum of p-copies of the complex (14.101) for X^, and the sum of 
p^-copies of the tangent complex for Cm- 

The differential of dfi for X° is surjective since X*^ is C^-stable by [2n 2.4]. The sur- 
jectivity of T for (14.81) and (14.101) was proved in Lemma [4.91 and Lemma [4. Ill respectively. 
The surjectivity of dfi for Cm follows from either flTX 2.4], Lemma 14.91 or Lemma 14.111 
since Cm is (-1/m, l/(m + l))-stable by [HI §2.2]. □ 

5. Enhanced master spaces 

A naive idea to show the weak wall-crossing formula (=Theorem II. 5p is to compare 
the intersection products on M™(c) and M''""'"^(c) through the diagram Q. Such an idea 
works when M™'(c), M"^~^^{c) are replaced by moduli spaces of stable rank 2 torsion free 
sheaves over a surface with Pg = with respect to two polarizations separated by a wall 
which is good [3]. (See also [7].) 

However the idea does not work since the morphisms ^m, Cm ^^^^ much more complicated 
in our current situation, basically because dimensions of vector spaces V, U in Proposi- 
tion 14.71 can be arbitrary. We use a refinement of the idea, due to Mochizuki [H] , which 
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was used to study wall-crossing formula for moduli spaces of higher ranks stable sheaves. 
It consists of two parts: 

(Ma): Consider a pair of a sheaf and a full flag in the sheaf co homology group. 
(Mb) : Use the fixed point formula for the C*-equivariant cohomology on Thaddeus' 
master space. 

In this section we describe the part (Ma) . The results are straightforward modifications 
of those in [TJl, §4], possibly except one in §5.41 

We remark that Yamada also used moduli spaces of pairs of a sheaf and a full flag in 
the sheaf cohomology group to study wall-crossing of moduli spaces of higher rank sheaves 

m- 

We continue to fix m and choose parameters as in the previous section. We 

fix a dimension vector v = {vo,vi, 1) and define so that the normalization condition 
Co^o + C?^^i + C = is satisfied. 

5.1. Framed sheaves with flags in cohomology groups. Let {{E,^),F*) be a pair 
of a framed sheaf and a full flag F' = (0 = C C ■ ■ • C F^~^ C = Vi{E)) 
{N = dimVi(-E')). Let i be an integer between and N. 

Definition 5.1. An object ((F, $),F*) is called {m,i)-stable if the following three con- 
ditions are satisfied 

(1) (F, $) is (m, m + l)-semistable. 

(2) For a subsheaf © C F isomorphic to C®^ with p G Z>o, we have Vi(©) fl F^ = 0. 

(3) For a subsheaf © C F such that the quotient E/& is isomorphic to C®^ with 
p e Z>o, we have F^ ^ Vi{&). 

This notion makes a bridge between the m-stability and the (m-|- l)-stability by the fol- 
lowing observation: If £ = (resp. = A^), then (m, £)-stability of ((F, $), F*) is equivalent 
to m (resp. (m -|- l))-stability of (F, $). (See Proposition 14. 7[ ) 

Proposition 5.2 ([TT, 4.2.5]). We have a smooth fine moduli scheme M'^'^(c) of{m,t)- 
stable objects ((F, $),F*) with ch(F) = c. There is a projective morphism M"^'^{c) — )■ 
Mo(p.(c)). 

The proof will be given in the next subsection. 

Let S be the universal sheaf over x M'^'^(c) and qi, q2 be the projection to the first 
and second factors of x M™''^{c) respectively as before. As well as the vector bundle 
Vi = Vi{£) := R^q2*{£ ® qiO{C - ioo)), we also have the universal family J"* = (0 = 
C J^^ C • • ■ C -F^-i C J^^ = Vi) of flags of vector bundles oyer M™'^(c). 

For i = or N, the preceding remark implies that M^'^{c), M"^'^{c) are the full flag 
bundles Flag(Vi, iV) associated with vector bundles Vi over M'^{c), M™+^(c) respectively. 
Here A[ = {1, . . . , A^} and the notation Flag(Vi, iV) nieans that the flag is indexed by the 
set N_. This notation will become useful when we consider the fixed points in the enhanced 
master space. 
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5.2. Proof of Proposition 15.21 Let us rephrase the (m, £)-stabihty in the quiver de- 
scription. 

We consider a pair (X, F') = {{Bi, B2, d, F') of X e fi'^O) and a flag F' = (0 = 
F° C C ■ ■ ■ C F^-i C F^ = Vi) of Vi with dimiF'/F'-^) = or 1. In Deflnition O 
we have assumed that F* is a full flag, i.e., dim(FYF*~^) = 1, but we slightly generalize 
it for a notational simplicity. 

In terms of a quiver representation, Deflnition 15.11 is expressed as follows: 

Definition 5.3. For < £ < A^, we say (X, F') is (m, i)-stable if the following conditions 
are satisfled: 

(1) X is C^-semistable, 

(2) for a nonzero submodule ^ S G X with ■ dim S/ rank S = and Soo = 0, we 
have n S*! = 0, and 

(3) for a proper submodule S C. X with ■ dim S/ rank S = and = C, we have 

^ Si. 

The equivalence of (2), (3) and l5.1( 2).(3) is an immediate consequence of [211 Th. 2.13, 
Prop. 5.3]. 

If £ = (resp. = N), then (m, £)-stability is equivalent to the (~ (resp. C''')-stability of 
X. (See Proposition 14. 7[ ) 

The idea of the proof of Proposition 15.21 is to relate the above condition to an usual 
stability condition for a linearization on the product of /i^^(O) and the flag variety with 
respect to the group action of G. It is the tensor product of linearizations on yU^^(O) 
and the flag variety. For /i~^(0), we take one as in §4.1[ On the flag variety, we take 
0(det J^*)*^*^""') for n = (ni, . . . ^un) G Q>o; where J^* is the i^^ universal bundle. (See 
[m §4.2].) Then we have a natural projective morphism to fj.^^{0)//G = Mo(p*(c)) as 
before. 

The corresponding stability condition is expressed as before, but an extra term for flags 
is added to 6 (cf. jl6^ Ch. 4, §4]): For a nonzero graded submodule S" C X we deflne 

C-dim5 + Ei^idim(5nF0 

^^•"^^^ ■= • 

We say (X, F*) is {(,n) -{semi) stable if 

holds for any nonzero proper submodule 7^ S* C X. Here (<) means that < for the 
semistable case, and < for the stable case. We say (X, F*) is strictly {(,n)-semistable if 
it is {(, n)-semistable and not (C, n)-stable. 
A standard argument shows the following: 

Lemma 5.4. If {X, F'), {Y, G*) are {(, n)-stable and have the same fi(;^n-value, a nonzero 
homomorphism ^ : X — )• F with ^(F*) C must be an isomorphism. 

We take X = dimVi so that F* is a full flag of Vi. Consider the following conditions 
when i 0: 

(5.5a) Co^^o + Ci^i + Coo = 0, 
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(5.5b) 



(5.5c) 



(5.5d) 



(5.5e) 



Uk > rankX irii > for k = 1, . . . , N 

i=k+l 

(C°-C)-dim5 



max 

scv 



rank S 



N 



mm 

Scv 

1 C°-dimS^O 



C° ■ dim S 



rank S 



•'<E 



N 



rankX 
2m + 1 



(mCo + (m + l)Ci) < rii, 



rankX < min 

i=l+l 



Erank X , ^ , , ^ , 

^'^i ~ rT("^Co + {m + l)CiJ 



2m + 1 

Erank X 
+ 771— ttI^^Co + (m + l)Ci) 

i=l 



2m + 1 



where S C V runs over the set of all graded subspaces (not necessarily submodules, as X 
is not fixed yet) with ■ dim 5 7^ in (c). For example, we can take (, n in the following 
way: First note that the right hand side of (c) is a fixed constant independent of (, n. 
Therefore it holds if and C° ~ C ^ire sufficiently small. Next note that (d) says that 
— C? up to a constant multiplication, is between (X]i=i ^^i) ^^d J2i=i ^^j- Therefore 
we can first take ( and rii, . . . , ra^ so that (b) (for k = 1, . . . , i),{d) and (c) hold if we set 
n£+i = ■ ■ ■ = riN = 0. Then we take sufficiently small rii {i = £ + 1, N) so that (e) 
holds. We can choose them very small so that (b) and (c) are not violated. 

Lemma 5.6 ([HI 4.2.4]). Assume (15.51) . Then the followings hold: 

(1) The {m,i) -stability is equivalent to the {(,n)- stability. 

(2) The {(,n)-semistability automatically implies the {(^,n)- stability. 

Lemma [5.41 also implies that (C,n)-stable objects have the trivial stabilizer. Therefore 
we have Proposition 15.21 from this lemma. 

From the construction the universal family J-"* = (0 = C J-"^ C • ■ ■ C J^^^^ C J-"^ = 
Vi) is the descent of the universal flag over Flag(Vi,iV). Using descents of Vq, Vi (which 
will be denoted by Vo, Vi) in the complex (14. 3p . we also get the universal family £ over 
P2 X M™(c). 

Proof of Lemma \5.b\ Suppose that S" C X is a nonzero submodule with C,*^ ■ dim 5 = 0, 
5*00 = 0. Then dimS* = p(m, m + 1, 0) for some p G Zi>o- Then /ic,n('S') < iic_^ri{X) means 



mCo + (m + l)Ci ^ Ui dim(5i H F' 



2m + 1 



< 



rankX 



p(2m + 1) 

By (I5.5l d.e) this holds if and only if 5*1 fl = 0. Moreover the equality never holds. 

Next suppose that C X is a proper submodule with ■ dimS" = 0, 5*00 = C. Then 
dimX/S" = p(m, m + 1, 0) for some p G Z>o- Then /i(,n('S') < /i^,n(-^) nieans 

Eiin,dim(FV^inFO ^ Ef 



mCo + (m + l)Ci 
2m + 1 



+ 



p(2m + 1) 



> 



irii 



rankX 
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By i^M,e) this holds if and only if FV^i n F V for some i = !,...,£, i.e., Si. 
Moreover the equality never holds. 

Now let us start the proof. Suppose that (X, F') is {(, n)-semistable. Then by (15. 5b ) 
f^C,n{S) < /i^^n(-^) implies C° " dimS' < 0, i.e., X is ^°-semistable. Then the above 
consideration shows that (X, F*) is (m, £)-stable and {(, n)-stable. 

Conversely suppose {X,F*) is (m, £)-stable. We want to show that /i,^,n(5') < /i^,n(X) 
for any nonzero proper submodule S. Thanks to (15.5b ). it is enough to check this inequality 
for 5" with (■"•dimS' = 0. We have either 6*00 = or 6*00 = C, and the above consideration 
shows that the inequality holds. □ 

Remark 5.7. A closer look of the argument gives that it is enough to assume (15. 5b ) for 
S C V satisfying either of 

(1) C° ■ dimS > and l^c,n{S) < /ic,n(X), 

(2) C° ■ dim S < and ficAS) > fi(AX). 

5.3. Oriented sheaves with flags in cohomology groups. The following variant of 
objects in the previous subsection will show up during our analysis for the enhanced 
master space. 

Definition 5.8. (1) Let {E, F') be a pair of a sheaf and a full flag F* = (0 = F° C C 
■■■ C F^-i C F^ = Vi{E)) {N = dimVi{E)). We say (F,F') is {m,+)-stable if the 
following two conditions are satisfied: 

(a) E = C®P for p G Z>o. 

(b) For a proper subsheaf & C E isomorphic to C®'' with q G Z>o, we have Vi((3) n 
F^ = 0. 

(2) For (mo, rrii) G Z^\{(0, 0)}, an orientation of (F, F') is an isomorphism p: det H^{E)'^"^°® 

det H^{E{C))^"'' ^ C. We set D := mmo + (m + l)mi. 

(3) An oriented (m, +)-stable object means an (m, +)-stable object (F, F*) together 
with an orientation. 

We will choose (mo, mi) later when we define the enhanced master space. At this stage 
we only need that we will have F* > 0. Since the orientation will be used frequently, we 
use the notation L{E) := det H\E{~ioo))^""' ® det H\E{C - £00))®""' for a sheaf F on 
P^. (In the above case, F is supported on C and the twisting by 0{—£oo) is unnecessary.) 
If £ is a universal family for some moduli stack, we denote the corresponding line bundle 
by C{S). Note that we deal only with those sheaves given by quiver representations, we 
have vanishing of and H^. 

We will show that we have a moduli stack M"^'~^ {pcm) of oriented (m, +)-stable objects 
with ch(F) = pCm with the universal family {£,J^') where J-"* = (0 = J-"*^ C J-"^ C • ■ ■ C 
jrN-i f~ -pN = is a flag of vector bundles over M"^'^ {pem) ■ 

In the following proposition we identify M"^'~^ {pcm) with a quotient stack related to the 
Grassmann variety Gr(m + l,p) of p-dimensional quotients of Vi(Cm)* = H^{Cm{C))* = 
(j-^m+i notation. Let Q denote the universal quotient bundle over Gr(m + 

l,p), det Q its determinant line bundle, and (det Q)®-^ its F*^ tensor power. LetTTc: ((detQ)®^)^ — )■ 
Gr(m + l,p) be the associated C*-bundle. Let CGr(m+i,p) Vi(Cm) ® Q be the homo- 
morphism obtained from the universal homomorphism Vi{Cm)* Q- 
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Proposition 5.9. (1) Forgetting fori ^ \, we identify M"^'~^{pem) with the total space 
of the flag bundle FlagCl^i/J-"^, -/V\{1}), where the base is isomorphic to the quotient stack 

((det Q)®^)VC*, 

where C* acts by the fiber-wise multiplication with weight —pD. 

(2) Let C* = Spec C[s, s^-"^] be a copy of <C* and let C* — ?■ C* be the homomorphism 
given by t ^ t^^^ = s. It induces an etale and finite morphism h: ((det Q)®^)^/C* — )■ 
((det Q)®-^)^/C* = Gr(m + l,p) of degree = 1/pD. The vector bundles Vi, and the 
universal sheaf S are related to objects on Gr(m + l,p) by 

Vi ® {T'y = h*{V,{CJ ® Q), (^i)«-p^ = h*{{det Q)«^), 

and the inclusion (J^^ — )■ Vi) is h*{OQ^(^rn+i,p) ^i(Cm) ® Q) ® idjn. 

The proof will be given in the next subsection. 

5.4. Proof of Proposition 15.91 Since with i > 1 does not appear in the stability 
condition, the moduh stack has a structure of the flag bundle Flag(Vi/J-'^, iV \ {1}) over 
the moduli stack parametrizing {X, F^). Here Vi is a vector bundle over the moduli stack 
and J-"^ is its line subbundle, coming from Vi and F^ respectively. 

Next we determine the moduli stack parametrizing (X, F^). Since we already know X = 
C®^, the remaining parameter is only a choice of F^, which is a 1-dimensional subspace 
in Vi{X) = V1(C„) ® CP. We have an action of the stabilizer GLp(C) of X. The above 
stability condition means that F^, viewed as a nonzero homomorphism Vi(Cm)* — > C^, is 
surjective. Therefore the moduli stack is 

(5.10) ({^ G P(Hom(l^i(C^)*, C^)) I ^ is surjective} x C) / GLp(C), 

where the action of GLp(C) on C* is given by g-u = (det (7)^ u with D = mmo + (m+l)mi. 
We consider f l5.10p as 

(5.11) ({^ e Hom(l^i(C^)*, CP) I ^ is surjective} x C*) / GLp(C) x C*, 

where C* 3 t acts by (^,m) ^ (t^,u). If we take the quotient by GLp(C) first, we get 
= L \ (0-section), where L = (det Q)®^, the D^^ tensor power of the determinant line 
bundle det Q of the universal quotient over the Gr(m + l,p). Since C* 3 t acts by 

(5.12) (te,M) = tidcp-(e,r^N, 

it is the fiber-wise multiplication with weight —pD on the quotient . Thus the moduli 
stack parametrizing {X,F^) is isomorphic to the quotient stack [L^ /C*]. 

This action factors through p: C* — t- C* given by t i— )■ s = t~P^, where the latter action 
is free on and the quotient is Gr(m + l,p). Let us denote the latter C* by C*. Then 
the stack /C* is represented by Gr(m + l,p), as is a principal C*-bundle. Since 
a C*-bundle induces a C*-bundle by taking the quotient by Kerp = Z/pD, we have a 
morphism H: /C* — )■ L^/C* = Gr(m + l,p) between stacks. It is etale and finite of 
degree 1/pD. 

Let us identify the pair (J^^ C Vi) of the vector bundle Vi and its line subbundle J-"^ 
over the moduli stack in the description [L^/C*]. In the description fl5.10p . it is the 
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descent of the restriction of (Cp(-l) K Cc* C Vi(C^) (g) (g) Cp K Cc*) with respect to 
the natural GLp(C)-action, where P = P(Hom(Vi(Cm)*, C^)). Then in the description 
(15. lip , it becomes the descent of the pair {Oy C Vi{Cm) ® ® Oy) , where GLp(C) acts 
naturally and the C*-action is twisted by the weight —1 action on the first factor Oy- Here 
V = {^e Hom(Vi(Cm)*,CP) I ^ is surjective} x C*. Finally in the description [L^/C*], it 
is the descent of 

(O^x C n*a{Vi{Cm) ® Q)) , 
where the C*-action is twisted by weight —1 on both O^x and TTQ(yi{Cm) (g) Q. Here 
TiG- ^ Gr(m-|- l,p) is the projection. The twist on the second factor vr^(Vi(Cm) Q) 
comes from the term t idcp in (15.121) . 

From the above description of Vi, we have Vi (g> (J^^)* = h*(yi{Cm) ® Q.)- On the 
other hand, (J^1)®-p^ is the descent of O^x with the C*-action twisted by weight pD. 
The action factors through the C*-action, and it is twisted by weight —1. Therefore it 
descends to L on Gr(m + l,p). 

5.5. 2-stability condition. This subsection is devoted to preliminaries for a study of 
enhanced master spaces. 

We consider the following condition on n: 

N 

(5.13) "^kiUi y^O for any (fci,...,A;iv) e {0} with < 2iVl 

i=l 

Our flag F* of Vi again may have repetition, but assume dim(FYF*^^) = or 1 as before. 

Lemma 5.14. Assume that ( satisfies (m-|-l)^o + (^ + 2)Ci < 0, (m — l)^o + "^Ci > 0, and 
n satisfies (I5.13P . If {X,F*) is strictly {(,n)-se'mistable, then there exists a suhmodule 
7^ S* C X such that 

(1) /ic,n(5,5inF-)=/ic,n(X,F-), 

(2) (5, Si n F*) and (X/5, F* / Si n F*) are (C, n)-stahle. 

Moreover the suhmodule S is unique except when (X, F*) is the direct sum {S, Si fl F') © 
{X/ S, F' / Si nF'). In this case the another choice of the suhmodule is X/S. 

Proof. Take a submodule 5* violating the (C, n)-stability of X. Then we have (1). Moreover 
(5", 5*1 n F') and {X/S, F'/Si n F') are (C, n)-semistable. We have either S^o = or 

(X/5)oo = 0. 

Assume either {S, Si fl F') or {X/S, F* / Si fl F*) is strictly (C, n)-semistable. Then we 
have a filtration = C X^ C C X^ = X with ii^^^{X''/ X''-^ F') = /i^,n(X,F') 
for a = 1, 2, 3, where F' denote the induced filtration on X"/X"^^ from F*. 

Among X"/X"~^ (a = 1,2,3), one of them has C and two of them have at the oo- 
component. Assume X^ has C at the oo-component for brevity, as the following argument 
can be applied to the remaining cases. 

We have dimX^/X^ = p2{m,m + 1,0), dimX^/X^ = p^{m,m + 1,0) for some p2, 
P3 E Z>o. Then fx^^^{xyx\ F') = /i^,„(XVx2, Fg') implies 

^ V P2 P3 J 
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By the assumption (15.131) we have ps dim(F2) = p2 dim(FJ) and hence 

(5.15) p, dimiPyFt') = P2 dimiF^F^-') 

for any i. On the other hand, we have 

dim(FiVF*-i) + dim(F27F2^-^) + dim(F37F3^-^) = dim(F7F^~^) = or 1 

for any i. Therefore at most one of three terms in the left hand side can be 1 and the 
other terms are 0. Combined with flET^ this imphes dim(F2VF2*-^) = dim(F3VF3^-^) = 
for any i. Thus we get a contradiction = = X^. 

If we have another submodule S' of the same property, the {(, n)-stabihty imphes 
S n S' = 01 S n S' = S = S' . in the former case we have S' = X/ S. □ 

Lemma 5.16 ([HI 4.3.9]). Let{(,n) as in Lemma \5.1^ If{X,F*) is {(,n)-semistable, its 
stabilizer is either trivial or C* . In the latter case, {X,F*) has the unique decomposition 
{Xb,F') © {X^,F') such that both {X\,,F'), {X^,F') are {C,n)-stable, and /i(^,n)(-^b) = 
n)(-^j)- The stabilizer comes from that of the factor (Xjj, F') with {X^)oo = 0. 

Proof. Suppose g stabilizes {X,F*). If g has an eigenvalue A 7^ 1, then we have the 
generalized eigenspace decomposition (X, F*) = {X\,,F') © (Xjj,F*) with {X\,)oo = C, 
(Xjj)oo = 0. By Lemma [5.141 {X\,,F*), (Xjj,F*) are (C, n)-stable. Since they have the 
same /x^^n and are not isomorphic, there are no nonzero homomorphisms between them. 
Therefore the stabilizer is C* in this case. The uniqueness follows from that in Lemma r5.14[ 
Next suppose g is unipotent and let n = g — 1. Assume n 7^ and let j such that 0, 
77,-?'+i = 0. We consider the submodule 7^ Kern-^ C X. From the (C, n)-semistability 
of (X,F*) we have /i^,n(Ker F' n (Ker 72^)1) = fi^^^{X,F'). Therefore (Kern^F* n 
(Kern-')i) and {X / Kei n\ F* / F* fl (Ker?T,'')i) are ((^, n)-stable by Lemma [5. 141 They are 
not isomorphic since they have different 00-components. However : Xj Ker — )■ Ker 
is a nonzero homomorphism, and we have a contradiction by Lemma 15.41 □ 

5.6. Enhanced master space. We continue to fix c, m G Z>o, £ G iV. As we mentioned 
above, is constructed as a GIT quotient of a common space Q independent of m. 
Then the moduli schemes M'"'° and M"*'^ will be also constructed as GIT quotients of 
Q = Q X Flag(Vi, iV) by the action of the group G with respect to a common polarization, 
but with different lifts of the action. Here Vi is a vector space of dimension N, on which 
G acts naturally. And Flag(Vi,iV) be the variety of full flags in Vi. Let us denote by 
L_ and L+ the corresponding equivariant line bundles over Q to deflne Af"'*^ and M™'^ 
respectively. Their descents will be denoted by the same notations. 

We consider the projective bundle P(L_ © L_|_) — )• Q with the canonical polarization 
(9p(l). Here P(L_ ©//+) is the space of 1-dimensional quotients of L_ ©L+. We have the 
natural lifts of the G-action to P(L_ © L^) and Cp(l). Let 

(5.17) M = M{c) = M'^'^c) := P(L_ © L+y/G 

be the quotient stack of Cp(l)-semistable objects of P(L_ © L_|_) divided by G, where 
P(L_ © L^Y^ denotes the semistable locus. This is called the enhanced master space. 
This space was introduced in [27j to study the change of GIT quotients under the change 
of linearizations. We have an inclusion Aia '■= ^{LaT^/G — Ai for a = ±. 
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The tautological flag of vector bundles over Flag(yL,iV) descends to Ai. We denote it 
by J^' = (0 = C C ■ ■ ■ C T^-^ C J^^ = Vi). We also have the universal sheaf S 
over X A^. 

We have a natural C*-action on P(L_ © L+) given by t ■ [z_ : z^] = [tz^ : z^] where 
[z_ : z^] is the homogeneous coordinates system of P(L_ © L+) along fibers. It descends 
to a C*-action on Ai. We have a natural C*-equivariant structure on the universal family 
S, T\ 

The following summarizes properties of M.. 

Theorem 5.18. (1) M. is a smooth Deligne-Mumford stack. There is a projective mor- 
phism M — )■ Mo(p*(c)). 

(2) The fixed point set of the C*-action decomposes as 

M^* =M+UM-U \_\ M^\3), 

and we have isomorphisms = M"^'^{c), M.- = M™'''(c). The universal family {£,J-'') 
on Ai is restricted to ones on = M"^'^{c) and = M''"'°(c) {which were denoted by 
the same notation {S,J^*)). And the restriction of the C*-equivariant structure are trivial. 

(3) There is a diagram 

(5.19) S(3) 

where S{3) is a smooth Deligne-Mumford stack and both F , G are Stale and finite of degree 
1/pD. There is a line bundle Ls over S{3) with Lf^ = G*{C{£^)*) and the restriction 
of the universal family {£,J^') over JH and the universal families {£\,,J^'), {£f^,J^') over 

M™'™"(^«)-i(cb), M'"'+(q) are related by 

F*£ ^ G*{£^) © G*i£i) © Ls, F*r = G*{J^;) © G*{r^) © Lg. 

Moreover the restriction of the C*-equivariant structure on the universal family {£,J^) is 
trivial on the factor J-j,) and of weight 1/pD on J-jj) under the above identification. 

We need to explain some notations: 

• V"^'^{c) is the set of decomposition types: 

N = I,Uli, hJi^di, 

= p{m + 1) for p G Z>o, min(/(j) < £ 



(5.20) I?'"'^(c):= J =(/,,/( 



For J e V^'^ic), we set = pcm, Cb = c - q G H*{F'^). 
• integers (mo, mi) appeared in the definition of an orientation of a (m, +)-stable 
object (see Definition 15.81) will be determined by the choice of L±. 

The isomorphism F*J^* = G*{J^') © G*{J-'*) © of universal flags in (3) means as 
follows: From the flrst statement F*£ = G*{£\)) © G*{£^) © Ls we have a decomposition 
F*{Vi{£)) =G*{Vi{£b))® G* {Vi{£i))^Ls. Then we have F* {r) = G* {J^i ) © G* {J^l) © Ls 
where J-"*, J^^ are flags indexed by N_. If we forget irrelevant factors with J^^ = J^^^^ 
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and J^i with ^ = J^f\ we get the universal flags over M"'''^'"^W-\ci,) , M'"'+(cj). The 
above sets Jj consist of indexes of relevant factors. In particular, (J^^ C Vi) appearing 
in Proposition 15.91 is identified with (J^™"^^"'' c j^^^^^^^^ = J^^). Let us denote by V\ 
hereafter. 

The fixed point substack M!^* is defined as the zero locus of the fundamental vector field 
generated by the C*-action. Note that this does not imply that the action of C* is trivial 
on A^^*, but becomes trivial on the finite cover C* = Spec C[s, s""*^] — )■ C*;s s'^^ = t. 
Therefore the restriction of a C*-equivariant sheaf to the fixed point locus is a sheaf 
tensored by a C*-module. In the statements (2), (3), we wrote the weights of C*-modules 
divided by pD^ considered formally as weights of rational C*-modules. 

The proofs of (1),(2),(3) will be given in §5.71 §5.81 §5.91 respectively. 

Remark 5.21. We can define the master space connecting M'^(c) and M™'^^{c) in the 
same way. However it will be not necessarily a Deligne-Mumford stack as a semistable 
point possibly has a stabilizer of large dimension. This is the reason why we, following 
Mochizuki, consider pairs of framed sheaves and flags in cohomology groups. 

5.7. Smoothness of the Enhanced Master Space. Let us write the enhanced master 
space in the quiver description. We first take sufficiently close to For / = 1, . . . , A^, 
we choose (C, n) satisfying f l5.5ll5.13p . We take C, so that |C — C°l; l^l ^ire sufficiently smaller 
than \C, — We take a large number k so that A;(C~,n) and /c(C,n) are integral. Let 
L_ (resp. L+) be the G-equivariant line bundle over /i~^(0) x Flag(Vi,iV) corresponding 
to the stability condition k{C,^ ,rv) (resp. fc(C,n)). We consider the projective bundle 
P(L_ © L+) with the canonical polarization (9p(l). We have the natural lifts of the 
G-action to P(L_ © L+) and Op(l). Let 

M=M{c) := P(L_ © L+Y'/G 

be the quotient stack of the semistable locus P(L_ © Lj^Y^ divided by G. 
The following was shown in e.g., §§3,4]. 

Lemma 5.22. A point x ofF{L^(BL^)\(F{L_) U P(L_|_)) is semistable if and only if the 
corresponding (X, F*) is semistable with respect to a Q-line bundle Lt = 2,®*^^^*) ©L®* for 
some t G [0, 1] H Q. 

Proposition 5.23. Ai is a smooth Deligne-Mumford stack. 

Proof. Let x be a semistable point in P(L_ © Then the corresponding point (X, F*) 
in /i^^(O) X Flag(Vi,iV) is (C', n)-stable for some C' on the segment connecting ^ and C~ 
(Lemma I5.22p . We can apply Lemma 15.161 as C' satisfies (m + l)(^o + {fn + 2)Ci < 0, 
(m — l)Co + ?^Ci > 0, and n satisfies f l5.13p . Therefore either the stabilizer of (X, F') 
is trivial or (X, F*) decomposes as (Xb,F;) © (Xj,F'). Since (Xj)oo = 0, Xj = C®p for 
some p e Z>o as explained in Definition 14.61 In this case the stabilizer is C*, coming from 
the automorphisms of (Xj, F*). Its action on the fiber is given hy t-u = j^p'=(™.™■+l)■(C-C )^ 
for i e C*. Therefore x only has a finite stabilizer. It is also reduced as the base field is 
of characteristic 0. Therefore Ai is Deligne-Mumford. Since P(L_ ©L+) is smooth, Ai is 
also smooth. □ 
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We set (mo, mi) := k{( — ( ) (and hence D = k{m, m + 1) ■ {( — ( )) which was used 
in Theorem 15.181 From our choices of (, (~,we have D > 0. 

5.8. C*-action. We have a natural C*-action on P(L_ ©L_|_) given by t-[z„ : z+j = : 
z+] where [z_ : z+] is the homogeneous coordinates system of P(L_ © L+) along fibers. It 
descends to a C*-action on A^, as it commutes with the G-action. Letting C* act trivially 
on Vo, Vi and the universal fiag over Flag(Vi,iV), we have the C*-equivariant structure 
on the universal family f , J"* = (0 = C J"^ C ■ ■ ■ C J^^"^ C J"^ = Vi). 

The fixed point substack A^^* is defined as the zero locus of the fundamental vector 
field generated by the C*-action. Note that this does not imply that the action of C* is 
trivial on A^*^'. The action becomes trivial after a finite cover C* — t- C*. 

We have an inclusion A4a '■= ^{LaY^/G — >■ A4 for a = ±. Then Aia is a component of 
the fixed point set Ai'^* . From the construction J\4a is the moduli stack of objects (X, F*), 
which are stable with respect to La. From our choice of (Cjh), we have Ai+ = M"*'^ by 
Lemma [5.61 Since n is sufficiently smaller than |C C~|) (^) -^*) is stable with respect to 
L_ if and only if X is ("-stable. Thus we have M- = M""'". 

Next consider a fixed point in Ai'^* other than Ai^ U Suppose that a point 

X = {{X,F'), [z_ : z+]) in P(L_ ©L+)""\ (P(L_) UP(L+)) is mapped to a fixed point in the 
quotient Ai. It means that the tangent vector generated by the C*-action at x is contained 
in the subspace generated by the G-action. In view of Lemma 15.161 this is possible only 
if {X,F*) has a nontrivial stabilizer, and hence decompose as {X\^,F*) © {X^,F*) to the 
direct sum of two {(', n)-stable objects with the equal /i(^',n for some (' on the segment 
connecting ( and (~ . (See Lemma [5.221 and Lemma [5.161 ) We number the summand so 
that (X[,)oo = C. Therefore (Xj)oo = and hence = C®^ for some p G Z>o. The data 
u = z^l z_ corresponds to an isomorphism L{X) = C. 

Conversely suppose we have such a decomposition {X,F*) = {X\,,F') © (Xj,F*). Let 
V = V'^ ® he the corresponding decomposition of V. We lift the C*-action on Ai to 
P(L_ © L+y by 

(5.24) ((X,F-), [z_ : z+]) ^ (id^,. ©t^/^^id^O ■ ((X,F-), [tz. : z^]), 

which is well-defined on the covering C* — )■ C*;s i— )■ s^^ = t, and fixes {{X,F*), [z_ : 
z+]) = ((Xb, F*) © (X(j, F*), [z_ : z+]). Since this C*-action is equal to the original one up 
to the G-action, it is the same on the quotient A4. Therefore the point x = ((X, F*), [z_ : 
z+]) is mapped to a fixed point in A^. 
Let 

/„ := e X I dim(F^/Fr^) = 1} 

for a = b, Then we have the decomposition N_ = I\,\Jlp The datum (J^, I^) is called the 
decomposition type of the fixed point. Since dim(Xjj)i = j9(m + l), we have |Jij| = p{m + l). 

Lemma 5.25 ([H 4.4.3]). mm{I^) < i. 

Proof. Suppose min(/jj) > i. Then (15.51) implies fi^^^i^i) < f^(,n.{^)- (See the proof of 
Lemma 15.61 ) On the other hand we have /i^- n(Xjj) < /i^- n(X) since n is sufficiently 
smaller than |C ~ C I- Therefore we cannot have /i^'_n(-^t)) ~ f^c',^i-^) C oii the 

segment connecting ( and C~ . This contradicts with the assumption. □ 
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Conversely suppose an object {X,F') = {X\,,F') © {X^,F*) with the decomposition 
type {I\>,Ii) with mm{I^) < i is given. We also suppose = C®^. We take a point x 
of P(L_ © L+) \ U P(L+)) from the fiber over (X, F*). Since we have ficA^i) > 

li^^X) and yU^-^n(-^tt) ^ A^C",n("^) same argument as above, we can find (' with 

I^Cni^i) = yUc',n(^)- Then x is semistable if and only if both and are 

(C, n)-stable. 

Lemma 5.26 4.4.4]). (1) (Xb,Fi,) {(' ,n)- stable if and only (m, min(Jjj) - 1)- 
stable. 

(2) (Xjj,F[j) zs {(' ,n)-stable if and only if {m, +)- stable, i.e., Xjj = C®^, and we have 
Si n i^™™^'^"-' = /or any proper submodule S C. X^ of a form S = C®*^. 

Note that dim F™^'^^^"'' = 1, dimF™'"''^'''' ^ = min(/jj) — 1. So the definitions in §5.11 
apply though F\f, F^ are flags which possibly have repetitions. 

Proof. (1) Let S* C Xi, be a submodule. We need to study the stability inequalities when 
■ dimS* = 0. We first suppose Soo = 0. Then the inequality /i((^',n)(5') < /X(f/,n)(Xi,) = 
/X(ij',n)(X[() is equivalent to 

E,ri,dim(^inF,0 ^ E.^.dimF| 
rank 5* rank Xjj 

since (' ■ dimS/ rankS" = (' ■ dimX^/ rankXjj = (2m + 1)~^ ("^Co + + l)Ci)- Since 
[i > min(/jj)) is much smaller than Timin(/j)-i by dSSb), we must have n F^"'"^^"^"^ = 

if the inequality holds. Conversely suppose Si n F^'""^''^-' = 0. Then Si n F,'"'"^'"^ = 0. 
Thus the inequality holds again by (15. 5b ). 

Next suppose Soo = C. Then the inequality fi{('^n){S) < ;U(^/^n)(-^b) = Ai(c',n)(-^u) is 
equivalent to 

Z^n^dim{F^/SlnF^) ^ E.^. dim F| 
rank(X|,/S') rankXj 

This is equivalent to F^^^^^'^^ ""^ ^ Si by the same argument as above. Thus (X[,,F[,) is 
(C'j n)-stable if and only if (m,min(/j) — l)-stable. 

(2) First note that X^ must be (^''-semistable as (' is close to and n is small. Then 
Xjj = C®P, as explained in Definition 14. 61 To prove the remaining part, the same argument 
as above works. □ 

If we rephrase what we have observed in terms of sheaves, we get 

Proposition 5.27 ([H 4.5.2]). M^* (3) is the moduli stack of objects (((F^, $), F;), (Fj, F*), p) 
where 

• ((Fb, <l>), F*) is (m, min(/jt) -l)-stable, 

• {Ef^,F*) is {m, +)- stable, 

• p is an isomorphism L{E\, © Fjj) ^ C 

Moreover the restriction of the universal family {S,J^') on Ai decomposes as 
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where ^T;, are flags (0 = ^ C ■ ■ ■ C ^ J"^^ = Vi(^£b)), (0 = "^J^^ C ■ ■ ■ C 

The restriction of the C*-equivariant structure on the universal family {S,J^) is trivial 
on the factor {^S\),^J-'\f) and of weight 1/pD on (-^f^jj, •^J-'u) under the above identifica- 
tion. 

The last assertion follows from the description of the C*-action at fl5.24p . 

5.9. Decomposition into product of two moduli stacks. Let M be the moduli stack 
of objects ((i?!,, $), F*, pi,) where 

• ((£^b, ^'), -^') is (m, min(Jj) - l)-stable, 

• pb is an isomorphism L{E\,) ^ C. 

We have a natural projection M — )■ M'"'™™*^^')"^ forgetting p\,. It is a principal C*-bundle. 
On the other hand, let M™''^ be the moduli stack of oriented (m, +)-stable sheaves with 
flags as in §5.31 In order to distinguish from p, we denote the orientation by pj. Then we 
have ^ 

A^^*p) ^ (M X M™'+)/C 
where C* acts by pi, ^ tp\,, pj i— t^^p^. Let us take a covering C* — )■ C* s s^^ = t. 

Then we have an etale and finite morphism F: (M x M'"'"'")/C* — )■ Ai'^* (3) of degree 
1/pD. _ 

The action of C* on the second factor M™'"*" is trivial, since it can be absorbed in the 
isomorphism id: as 



(5.28) 



E^ L{E{) = det//i(Ej)®™" ® deti7i((Ej)(C))®™i i- C 

s-^id s-P^ id 

E^ L{Ei) = deti/^^s)®™" ® detifi((Ej)(C))®'"i ^^C. 



id 



Therefore we have 



(M X M™'+)/C: = M/C: X M™'+. 
Furthermore we have an etale and finite morphism G : M/C* — )■ M/C* of degree 1/pD. 
But the latter is nothing but M™'™"'^'^''^"^. Hence we have the diagram in Theorem 15.181 
with S{3) = (M X M"'+)/C:. _ 

From f l5.28p the universal sheaf over M™'"*" is twisted by the line bundle over M/C* 
associated with the representation of C* with weight 1. It is a line bundle Ls such that 
^®pD = G*L{E^Y. Therefore we have F* {^£^) = G*{£^) ® Ls. On the other hand, we 
have F* = G*{Si,). 

5.10. Normal bundle. Let us describe the normal bundles ^(Ai±) of Ai± and ^{Ai^* (3)) 
of Ai'^ (3) in At in this subsection. We need to prepare several notations. 

Recall first that the covering C* — > C*; s i— )■ s^^ = t acts trivially on Ai^* {3) (while the 
original C* does not). Hence the tangent space at a fixed point has a natural C*-module 
structure. We formally consider it as a module structure of the original C* dividing 
weights by pD. 
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Recall also that the restriction of the universal sheaf £ decomposes as ^£\) © -^^j 
over A^^*(Df) (see Proposition I5.27p . Let Ext*^ denotes the higher derived functor of the 
composite functor g2* ° T-iom. Let 

2 

(5.29) n^S^.^S^) := - J](-l)"Ext«^(-^^,,-^£«), 

a=0 

where this is a class in the equivariant ii"-group of A^'^*(J). We use similar notation 
OT(-^^^tj, -^f^b) exchanging the first and second factors. Later we will also use 9ft(«, •) 
replacing "^i^tt, ^£\) by similar universal sheaves. We have already used this notation in 
Theorem 11.51 
Let 

Flag(\/i", lo) := {a flag F* of , indexed by iV, F^/F^"^ = if and only if i ^ /„} 

for a = b, tl- We have an embedding Flag(V^/,/b) x Flag(V^/, Jj) — )■ Flag(Vi,iV) given by 
{F*,F*) I—)- F* © F*. Let Nq denote its normal bundle. It has a natural C*-equivariant 

structure as Flag(V^/, /[,) x Flag(V^/, Jj) is a component of C*-fixed points in Flag(Vi,iV) 
with respect to the C*-action induced hj C* 3 t ^ idy, ©t^/^^ id^^tt G GL(yi). More 
precisely, when we write 

iVo = Hom(F,VF;-\ F^/Ff') © Hom(F„7F-\ F^V^^r ')> 

the first term has weight 1/pD and the second term has weight —1/pD. We have an 
associated vector bundle, denoted also by Nq, over Ai'^* (3), induced from the flag bundle 
structure Q/G Q/G between quotient stacks. 

Theorem 5.30. (1) The normal bundle D^(A^±) of M± is ^ L± with the C* -action 
of weight ±1. 

(2) The normal bundle DT(A^^*(3r)) of {3) is equivariant K -theoretically given by 

No + mi^S,, ^£^) © h/pD + n^S^, ^£i>) 8) I-i/pD, 

where In denotes the trivial line bundle over Ai^ (J) with the <C* -action of weight n. 

Proof. First consider the case of M.± = F{L±Y^ /G. The normal bundle is the descent of 
the normal bundle f{L±) C P(L_ ©L+). Then it is ©L± with the C*-action of weight 
±1. 

In the remaining of the proof we consider the case of A^''' [3). The normal bundle is 
the sum of nonzero weight subspaces in the restriction of the tangent bundle of Ai to 
A^^*(a). 

Take a point {{X, F*),[z- : z+]) G P(L_ © L+Y^ which descends to a fixed point 
in A^^*(J). We have a decomposition (X, F*) = (Xb,F*) © (X^, F') as above. Let 
V = V'^ (B he the corresponding decomposition of V. 

We lift the C*-action on M to P(L_ © as in ^M)- 

The tangent space at the point corresponding to {{X,F'),[z^ : z^]) is the quotient 
vector space 

Kerc//i © Tp. Flag(V^i,iV) © T[,_.,,^f' / Eom{Vo, Vo) © Hom(Vi, Vi), 
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where dfi and Hom(Vo, Vq) © Hom(Vi, Vi) — )• Kerrf/x are as in f l4.4p . and Hom(Vo, Vq) © 
Hom(Vl, Vi) Tp. Flag(l^i, iV) © T[,_.,,^]¥^ is the differential of the G-action. This quo- 
tient space has the C*-module structure induced from the above hft of the C*-action. 

In the equivariant i^-group, we can replace this space by Kei dfi — (Hom(Vo, Vq) © 
Hom(l^i, Vi)) + Tp. Flag(VS, iV) + T[,_.,^]Pi 

The expression Ker dfi — (Hom(Vo, Vq) © Hom(Vi, Vi)) is equal to the alternating sum of 
cohomology groups of the tangent complex (14.41) in the ii'-group. Moreover, the complex 
(14. 4 p decomposes into four parts, the tangent complex for Xi,, the sum of p-copies of the 
complex (14. 8 p for X\,, the sum of p-copies of the complex (l4.1Up for X\,, and the sum of 
p^-copies of the tangent complex for Cm- Since C* acts on V'" with weight and V'^ with 
weight 1/pD, the first and fourth parts do not contribute to the normal bundle. The 
second and third terms give 

(- Extli-^S,, ^£^) + ExtJ(-^£:,, ^£^)) © h,,D 

+ (- Ext°(-^^«, ^£,) + Exti(-^^«, ^£,)) © 

= m{^£,, ^£i) © h/,D + ^(^^tt, © /-i/pD. 

The contribution from Tp. Flag (Vi,iV) is given by A^o- Thus we have Theorem 15.301 
We have no contribution from Tj^ .^^jP-*^. □ 

5.11. Relative tangent bundles of flag bundles. Let ©rei be the bundles over various 
moduli stacks induced from the relative tangent bundle of the flag bundle Q/G — )■ Q/G 
as in §6.21 

On the other hand, we have vector bundles 0\^^, Ol^^ o'^^^ M™'™™(^'')~^(ci,) x M'"'+(cj) 
coming from the tangent bundles of Flag(yj^', Jb) and Flag(V"/, /j). Recall the normal 
bundle Nq of Flag (Vj'', It,) x Flag(y^^, Jj) in Flag(Vi,iV) is considered as a vector bundle 
over M™''™™'^^'')~^(cb) x M™''"'"(c|j) (see §5.10p . so we have an exact sequence 

(5.31) ^ G*{0l, © ©L) ^ F*0,eiUc.p) ^ G*(iVo) ^ 

of C*-equivariant vector bundles, where 0\^y ® ^fei weight and Nq has the C*- 
equivariant structure as describe in §5.101 

Recall also that the second factor M™'+(cj) is the flag bundle Flag(Vf/J-'™™*"^'''', \ 
{min(/jj)}) over the quotient stack (det Q®'^)^/C* (see Proposition 15. 9p . Let O'^^^ be the 
relative tangent bundle of the fiber. Then we have an exact sequence of vector bundles 

(5.32) ^ ^ Ol, ^ Hom(Vf J-p^'«^) ^ 
coming from the fibration Flag(Vf/J'p^^"^) ^ Flag(Vf) ^ P(Vj). 

6. Wall-crossing formula 

We now turn to Mochizuki method (Mb). (See [TH §7.2].) We will apply the fixed 
point formula to the equivariant homology groups Hj^^* {M.{c)) of the enhanced moduli 
space M.{c), which is a module over if£,(pt) = C[/i]. For the definition of the homology 
group of a Deligne-Mumford stack, see [28] . 
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6.1. Equi variant Euler class. In the fixed point formula we put an equivariant Euler 
class in the denominator and we later consider an equivariant Euler class of a class in the 
K-group. Let us explain how we treat them in this subsection. 

Let y be a variety (or a Deligne-Mumford stack) with a trivial C*-action. The Grothen- 
dieck group of C*-equivariant vector bundles decomposes as Kc*{Y) = K(Y) ®i i?(C*) 
where i?(C*) is the representation ring of C*. Let In denote the 1-dimensional represen- 
tation of C* with weight n. For a class a G K{Y)^ we set 

e{a®In) := ^Ci(a)(nnr(")-' e if*(r)[r\n] := H*{Y) ®c<C[h~\hl 

i>0 

where Cj(a) is the i^^ Chern class of a and r{a) = cho(a) is the (virtual) rank of a. If 
n 7^ 0, this element is invertible. In general, if a G Kc*{Y) is a sum of q;„®/„ with n ^ 0, 
its equivariant Euler class e(a) is defined in H* (Y)[h~^ , h]. 

We also consider the case when another group T acts on Y. Then e(a ® In) can be 
still defined as an element in ^m^^ H*{Y Xf En)[h~^ , h], where En — )■ En/T is a finite 

dimensional approximation of the classifying space ET — )> BT for T. Note Cj(a) 7^ for 
possibly infinite i's. 

6.2. Wall-crossing formula (I). The projective morphism tt: M.{c) — )■ Mq{j)^,{c)) in- 
duce a homomorphism vr^, : iJj^^* (A^(c)) — )■ ifJ^'^*(Mo(p*(c))). Since C* acts trivially 
on Mo(p*(c)), we have i/f ^^*(Mo(p,(c))) ^ Hj {Mo{p^{c))) ® C[n]. For a cohomology 
class • on A^(c), we denote the pushforward 7r*(« fl [A^(c)]) by /^(^-i • as in We also 
use similar push-forward homomorphisms from homology groups of various moduli stacks 
and denote them in similar ways, e.g., ^j^^i^^y ^m^'C^)' 

Let e{J^) denote the equivariant Euler class of the equivariant vector bundle J-", that is 
the top Chern class Ctop(^)- See §6.11 for its generalization to a i^-theory class J-" in our 
situation. ^ 

Let ^{£) be as in §1.41 We denote also by ^{£) the class on M™''^(c) given by the same 
formula. On the enhanced master space A^(c), we can consider the class defined by the 
same formula as ^{E)-, which is regarded as a C*-equivariant class. 

Let ©rei be the relative tangent bundle of the fiag bundle Q/G — t- Q/G. Then we have 
the induced bundle over M"^'^{c) by the restriction. We denote it also by Oj-d for brevity. 
We also have the pullback to the enhanced master space A4{c), which is again denoted by 
Oj-ei- It has a natural C*-equivariant structure. We introduce ^{S) := ;j^^^$(£) Ue(6'rei) 
so that we have 



3(c) JAP^{c) 

Here Wi(c) = dimVi(i?) for a sheaf E with c\i{E) = c. 

Then the fixed point formula in the equivariant homology group gives us 



Jm 



$(^) - / <i>(^) = Yl I 



where 'Res/i=o' means taking the coefficient of . 
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By Proposition 15.91 and Theorem 15.181 together with computations of normal bundles 
§5. lot we can rewrite the right hand side to get 

Theorem 6.1. 

y I Res[$(^,©(C^KQ®/_i))<l>'(^,) 



where $(£i,©(CmlElQ®/_i)) is defined exactly as ^{£) by replacing S by S\,(B{Cm^Q^I-i] 

everywhere, and ^'{S\,) is another cohomology class given by 

(6.2) 



Here In denotes the trivial line bundle with the C* -action of weight n, and •) is the 
equivariant K-theory class given by the negative of the alternating sum ofExt-groups (see 
(K^ ). {Note that $' depends on 3.) 

The proof will be given in the next subsection. 

6.3. Fixed point formula on the enhanced master space. Let l±, be the in- 
clusions of A^^(c), A^'^*(Df) into A^(c). Let l^, be the pullback homomorphisms, 
which are defined as Ai{c) is smooth. They will be omitted from formulas eventually. 
Let e(9'I(A^+(c))), e(OT(A^'^*(J))) be the equivariant Euler class of the normal bundles 
0T(A1+(c)), ^{A4'^*(3)). The localization theorem in the equivariant cohomology groups 
says the following diagram is commutative: 

1^^ H^'{M{c) En) ©CM C[h-\ h] H,{M{cf' En)[nr\ h] 



M(c) 



/a1+(c) +Xm_(c) /mC* (3) 



Jim^ (Mo {p, (c) x^E„))[h-\ h] 1^^ (Mq [p, (c) x ^ E„) ) [h-\ h] , 

where the upper horizontal arrow is given by 



p(^( \A (AW ^ 5Z 



e(OT(A^+(c))) e(DT(7W_(c))) ^ e(ai(A^c*p)))' 

and En — )■ En/T is a finite dimensional approximation of ET — )■ BT as above. 
Let T(l) be the trivial line bundle with the C* -action of weight 1. We have 

holds in ^mif^,(Mo(p*(c) x^; En))[fi^^, h]. Since T(l) is a trivial line bundle if we forget 
the C*-action, the left hand side is restricted to at = 0: f.,, . $Ci(T(l)) = 0. On 
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the other hand, ci(T{l))\j^^(^^^ = h and ci(T(l))|_;\4c*p) = h. Moreover we have 



e{m{Ma)) 



i=0 

for a = ±, where u = ci{L*^_ ^ L^). Combining with Theorem 15.18( 2) we get 



(6.3) / <l>(^) - / $(^) = - V Res / 



We now use the diagram (15.191) to rewrite the integral in the right hand side of (16. 3p : 

JM-*i3)emM^'{3))) P Jsi3)F*e{m{M^'{3))y 
From Theorem 15.18( 3) we have 

F*mS)) = $(G*(£0 © G*{Si) ®Ls® h/pD). 
Since Lf^ = G*{C{S^y), we have 

pD 

Since appears as Ci{Ls) in $(G*(£^j) ® Ii/po), we can formally write 

<l>(G*(^b) © G*{Si) 0Ls0 h/po) = G*<!>{S, © ® £(^0"'^'''' ® h/po), 

meanmg that we replace ci{C{£b)-^^P^) by -ci{C{£i,)) /pD. 
Similarly from Theorem 15.301 and Theorem 15.18( 3) we have 

F*e{m{M^*{3))) 

= F* {e{m{^S,,^S^) ® h/pD)e{m{^£i,^£,) ® I-i/pD)e{No)) 

= G* {e{m{S,,£i) ® C{£,r'/P'' ® h/pD)e{mi£i,£,) ® C{£,y/P'' ® I-i/pD)e{No)) . 

From (I5.31f5.32l) we have 

F*(e(0,ei)) = G* (eiOlMOlMNo)) 

= G* {e{elMOU)e (Hom(V«/-F--(^«\^r^^«^)) e{No)] 
Therefore we get 

r F*$ 

F*emM^'m) 



pD 



1 f ^£^®£i0C{£i,)-^/p''®Ii/pD) 



e{OlMO're.)e (Hom(V;/^p(^"\^-(^"))) 
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We use the claim that M™'+(cjj) is a flag bundle over (det Q®^Y /C* (Proposition [SlW 1 ) ) 
to rewrite this further as 



re J 



e(Hom(Vf/J-p^'«\j-p^'«^) 



We set $(•) := ^;^<l>(«)e(6',^,i), use Proposition [53];2) to replace (det Q®^)^/C* by 
Gr(m + and then plug into (16.31) to get 

[ ^{S)- [ $(^)= y I Res^£^®£^®C{£,)-^'^''®h/pDW{£, 



where 



Vi{c)\pD JGr(m+l,p) 



e(9fl(^b, C„) ® Q ® det Q-Vp ® £(^^)-i/p^ ® I^p^) 
^ e{^{Cm, £i,) 8) Q* ® det Qi/P ® £(£b)^/P^ ® ^-i/pd) ' 



Here 



• /qj,(„_|_]^ p) means the pushforward with respect to the projection M"^''^"^^^'^'^ ^(cb) x 

Gr(m + ^ M™''^i^(^«)-i(cb). 

• det is understood as before: we replace Ci(det by — ci(det Q)/p. 

Let us slightly simplify the formula. First note that I±i/pD appears with det Q^^/p (g) 
^S^^i/pD^ ^ = -(ci(£(^b)) + Ci{Q))/pD. Thus $'(£b) is written as 



i=-oo 

By a direct calculation we have 

fi=o I otherwise. 

Therefore we have 

oo oo 

Res AAh- coy = Res A^W . 

j=—oo j=—oo 

This means that we can erase det Q^^^p C{£\,)^^^p^ from ^' (£[,). (The last simplification 
appeared in [HI Proof of Theorem 7.2.4]) 

Next note that nontrivial contributions of the C*-action appear as I±i/pD- If we take 
the covering C* — )■ C*;s ^ t = s~p^, I±i/pD is of weight =f1 as a C*-module by our 
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convention. Since that we have a natural isomorphism if^*(pt) = C[hs] = H^,{pt) = C[h] 
by hg = —h/pD, we can replace h by hs noticing ReSft=o /(^) = —pD x Resri^=o fi^sPD). 
We use this replacement and then replace back hg by h again. Therefore we get the 
formula (16.21) . We have completed the proof of Theorem 16. 1[ 

6.4. Proof of Theorem II. 5i The right hand side of the formula in Theorem 16.11 can 
be expressed by an integral over M™(ci,) by using the formula again. We continue this 
procedure recursively, we will get a wall-crossing formula comparing /jg^^^) and fj^m+if^^y 
We then get Theorem 11.51 The proof has combinatorial nature and is the same as one in 
[m §7.6]. We reproduce it here for reader's convenience. 

In fact, it is enough to consider the case m = 0, as a general case follows from m = 
since we have an isomorphism M'^(c) ^ M'^(ce~'^ [*"'); {E, $) h-)> (E{—mC), $). Then the 
formula in Theorem 16. II is simplified as we can assume p = 1 as Gr(m + l,p) = Gr(l,p) is 
empty otherwise. Theorem 11.51 is obtained in this way, but we give a proof for general m. 

For j G Z>o let 



57(c) := <^ c = (cpi, ...,pj)e H*iF') X Zio 



(Cb, [^00]) =0, Cb + ^PiCm = C 



i=l 



We denote the universal family for M^"-{c\)) by £[, as above. Let 5''"(c) = Uj^i 'S'™'(c). 

For p= (pi, . . . , pj) G we consider the product of Grassmannian varieties Y['i=i Gr(m+ 
l,Pi)- Let Q'-*-' be the universal quotient of the i^^ factor. We consider the j-dimensional 
torus (C*)-' acting trivially on 11^=1 Gr(m + l,pi). We denote the 1-dimensional weight 
n representation of the i^^ factor by e"''*. (Denoted by /„ previously.) The equivariant 
cohomology H*^,y{pt) of the point is identified with C[^i, . . . , hj]. 

Theorem 6.4. 

[ H£)- [ H£)= V / Res---Res$(£b©0C„.KQ^'^®e-'"'OU^'^(^b), 

JM^+^ic) JM^^ic) JA/™(c,) ^^-0 ^1-0 .^^ 

where \l/^(«) is another cohomology class given by 

(6.5) ^^l-) := , ^ n / ^' 

^=f[ e((\/i(C„)®Q»/0)*) 



\ e{m{; C„) ® Q» ® e-'^^O e(01(C„, •) ® QW* ® e^O 



{Note that depends on p = {pi, . . . ,pj) , but not on c\,.) 
Let us prepare notation before starting the proof. 
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We defined a cohomology class \l/^(£^b) by the formula (16.51) . and it is an element in 
Ht{F^ X Mx nil Gr(m + l,p«))[nf , . . . , hf] for some moduli stack M with the universal 
family S. 

Let Dec^-'''(c) be the set of pairs J^-'-' = as follows: 

• /J*'"''* is a tuple • • • ? -^j^^) of subsets of fi(c) such that = Pi{m + 1) 
for some Pi G Z>o (1 < < j)- 

• min(Jj^^^) > min(Jj|^^) > ■ ■ ■ > min(/||-'^). 

• Jjl"''' is also a subset of fi(c) and we have fi(c) = I^''^ U |Ji=i -^jj*''- 
For a^-') e Dec(^)(c) set 

:= max{i G /^^'^ | i < min(jj^'^)}, 

where we understand this to be if there exists no i G J^^"''' with i < min(Jj|''^). We also 
put 

3 

cf* := piCm (1 < « < j), c^^^ := c - y^p^e^. 

i=l 

We have a map vr^ : Dec(^+^)(c) ^ Dec(-')(c); jj^^^^^) ^ (/^^'\/;^^^) given by 

Let 

M(a(^')) := M'"'^(cJ''^), M(a(^')) := ^^""(ci''^), 
where in the first equality we take the unique order preserving bijection = fi(c["''') = 
ij^I^^^ and take ^ G Vi{c^^^) corresponding to {(J^-^^). 
For the universal family s!;^'^ for M{3^'J^) or M(j(^)) let 

t^i(c)! 



i=l k=l 

where p = (pi, . . . ,pj). 

Lemma 6.6 ([14, 7.6.5]). For each j , we have the formula 



(6.7) / $(^) - / m 



'M™'+1(c) JM"^{c) 

y f Res ■ ■ ■ Res ^S^'^ © fft K Q^'^ © e-''^)^'"' {S^'^) 
+ / Res---Res$(£;^)©fftC„KQ(*^)©e-'"'*)^^'''(^;^^). 
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Proof. We prove the assertion by an induction on j. If j = 1, this is nothing but Theo- 
rem EH] apphed to i = fi(c). 

Suppose that the formula is true for j. We apply Theorem 16.11 to get 



Res ■ ■ ■ Res ®ff)C^^ Q^''^ ® e"^^)^^*'' {Sf'^^ 

ft =0 ri.i=o " ^-Lx t 



A/pO)) 



k=l 



I Res ■ ■ ■ Res ^{Sl'^ © 4^ K Q^'^) ® e"'^* )^^''^ {£. 

k=l 



— 2, / R^^s ■ ■ ■ Res 

where 



^^l(c ')! JGr(m+l,p,+i) 



We have {E^''^^'^) = '$^''^'^^\sl^'''^^'') thanks to the multiplicative property of the Euler 
class and ^{Cm,Cm) = — Hom(Cm, C^) = — Cidc„ • Hence the formula holds for j + 
1. □ 



If j is sufficiently large, Dec''"'^(c) = 0. Hence we have 



= Y Y / Res---Res$(£^^')©ffiC^KQ»©e-^0^^'"(^i'^ 
We have a map pj : Dec(^')(c) ^ 5j (c) given by 

|j(i)| ijO'), 

P,p(^'^) = (c,,Pi, . . . = • • • , 

m + 1 m + 1 

Therefore the right hand side is equal to 

i=l ce5j(c) j=l A;=l 



X 



3 



Res ■ ■ ■ Res © fB C„ K Q^'^ © e^'^O^'^l^b). 
Thus Theorem 16.41 follows from the following lemma. 
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Lemma 6.8 (^M, 7.6.7]). 



Proof. The set pj (c) is 



l-'b ' -'tt 5 • • • 5 -'tt y 



Mc) = ^'^ U [J /», |/(^')| = v,{c,), |/«| = p,{m + 1), 
1=1 



We first choose ij^''^ C iV. We have possibihties. Next we choose I^''^ C iV \ /[["'^ 



min(/j| ) > min(/jj )>■■■> min(Jj 

Put N := vi{c), No := t;i(cb), A^^ := p,{m + 1) {1 < t < ]). 

( N 

From the second condition, we must have min(Jj^"''') = min(iV\/j|''''). Let x be this number. 
Then the remaining choice is I^/^ \ {x} C (iV \ jj^'^) \ {x}. We have (^^^°r^) possibihties. 
Next we choose /^^^"^^ C iV \ (/[[^'^ U jj^'^). We have possibihties. We continue 

until we choose Therefore we have 

NomiiiNi - ly. ''fiEi<.<.^^;^' 

Moreover 

j ^ j ^ 
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